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PREFACE 


Our experience of teaching trigonometry in schools has con- 
vinced us that no difficulty arises from introducing, at the very 
beginning of the course, the circular functions of angles of any 
magnitude, and that concentration on the acute angle leads to 
unnecessary difficulties, and sometimes to erroneous ideas of 
the circular functions. We are confident that progress is more 
rapid by adopting the plan of this book. 

Our chief desire has been to produce a teaching book. The 
space occupied by bookwork has been kept as small as possible, 
while the guidance afforded by notes and by worked examples 
should be sufficient even for the private student. 

The grading of examples has received much attention, and, 
while the majority of the examples meets the needs of the 
average student, there are many examples to test the more 
advanced. 

The sequence of the book is, in our opinion, the natural 
teaching order. The chapter on equations is toward the end of 
the book, but it is divided into sections, so that the different 
types of equations may be taken as soon as the necessary 
formule have been learned. 

Graphical work has received generous treatment, with emphasis 
on the graphical solution of equations. 

The book is intended to cover the work done in secondary 
schools in preparation for examinations of the standard of the 
Oxford and Cambridge Local, the Scottish Leaving Certificate, 
etc., and to meet the requirements of junior classes in universities 
and technical colleges. 

To Professor D. B. M‘Quistan we express our gratitude for 
kindly reading most of the work in manuscript and_ for 
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many valuable suggestions. We are also indebted to Mr G. 
Sommerfeldt, B.Sc., of Allan Glen’s School, for assistance in 
reading the proof sheets. 

We shall be grateful to receive intimation of any errors 
which may be found in the book, or any suggestions for 
improvement, 

dae. 
A. M. 
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CHAPTER I 
MEASUREMENT OF ANGLES 


§ 1. SexacesmmaL MrasurE 

The geometrical unit of angle is the right angle, which is defined 
thus : when one straight line stands on another straight line so that 
the adjacent angles are equal, each of these adjacent angles is a right 
angle. The right angle has been subdivided as indicated in the 


following table : 
60 seconds = 1 minute 


60 minutes = 1 degree 
90 degrees = 1 right angle 
An angle of 79 degrees 43 minutes 57 seconds is written 79° 43’ 57’, 
and an angle expressed in these units is said to be expressed in 
sexagesimal measure. 
Note. The right angle has been subdivided into 100 grades, the 
grade into 100 minutes, and the minute into 100 seconds. This 
is the centesimal method, but it has never been in common use. 


Example 1. Express in sexagesimal measure 0-032706 right angle. 
0:032706 right angle 
90 
- 2-94354 degrees 
60 
~ 66-6124 minutes 
60 
36-744 seconds 
.°. 0:032706 right angle=2° 56’ 37” (to nearest second). 
Example 2. Express as the decimal of a right angle 43° 54’ 29”, 
43° 54’ 29" 2634’ 29” | 
90° 90 x 60 x 60” 
_ __ 158069” _ 
~ 90x 60 x 60’ 
= 0-487867 (to six decimal places). 
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EXERCISES 

1. Express the following angles in sexagesimal measure : 
(a) 0-543086 right angle. 
(6) 3-217835 right angles. 
(c) 1-069243 right angles. 

2. Express the following angles as a decimal of a right angle : 
(a) 79° 43’ 57”. 
(b) 35° 11’ 45”. 
(c) 142° 35’ 16”. 

§ 2. CrrouLaAR Masur 


Theorem 1.1 The ratio of the length of the circumference to the length 
of the diameter is constant for all circles. 


Fie. 1 


Place any two circles so that they have a common centre O (Fig. 1). 
360° 


n 3 


Let OA and OB, two radii of the outer circle, contain angle 


where n is any integer, and let OA and OB cut the inner circle at 
a and 6 respectively. Join AB, ab. 
Then, since O= a AB and ab are sides of regular n-gons inscribed 


in the outer and inner circles respectively. 


5 A OA Oa 
But A’s OAB, Oab, have O common, and On Ob and are therefore 
similar. ; 
OAT AE 
** Oe ae 


1 In a first course the student may omit the proof of Theorem I. 
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n.AB 
=“ n.ab 
__ perimeter of regular n-gon inscribed in outer circle 
~ perimeter of regular n-gon inscribed in inner circle’ 
If n increases indefinitely the n-gons tend to become the circles. 
. OA _ circumference of outer circle 
‘"Oa ~ circumference of inner circle’ 

, circumference of outer circle _ circumference of inner circle 
a OA EJ Oa ; 
_ circumference of outer circle _ circumference of inner circle 

diameter of outer circle © -~— diameter of inner circle 


circumference . ; 
+, —_—_————_ is constant for all circles. 
diameter 


Note 1. The constant ratio proved above is denoted by the 
symbol 7. Its value to five places of decimals is 3-14159, but 
when great accuracy is not required its value may be taken as a 
Note 2. Using the symbol, Theorem I can be stated briefly thus : 

circumference= 7 x diameter, 
or circumference= 27 x radius. 


Derrmition. The angle subtended at the 
centre of a circle by an arc equal in length 
to the radius is called a radian. 


Theorem II. The radian is a constant 
angle. A 
Let are AB=radius OA (Fig. 2). 


A 
~, AOB is a radian. 
A 
AOB 
180° Fria, 2 
= ee me (angles at centre are proportional to arcs 
semi-circumference subtending them) 


OA . 
= OA (construction and Th. I) 


But 


= constant, 
Note. Theorem II can be briefly stated thus: 7 radians= 180°. 
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Since the radian is a constant angle, it can be used as a unit. An 
angle expressed in radians is said to be expressed in circular measure. 


Example 1. Express in circular measure 29° 15’ 37”. 
29° 15’ 37” = 29°-2603 (to four decimal places) 
__ 29-2608 x 
eee sO) 


_ 29-2603 x 3-1416 Rydiane 
a 180 


= 0:5107 radians (to four decimal places). 


radians 


Example 2. Convert 2-5851 radians to sexagesimal measure. 


‘ 180° x 2-5851 
2:5851 radians = ros 01 Ga 


= 148°-11 
= 148° 7’ (to nearest minute), 


EXERCISES 
(Nos. 1 to 5 should be answered orally.) 
1, Express the following angles in radians : 
30°, 120°, 210°, 300°, 360°. 

2. Express in degrees the angles whose circular measures are 

if & Bo we & 

3 67 47 47 9" 3 
3. Two angles of a triangle are és radians and = radians respectively. 


Express the third angle in degrees. 


4, What is (a) the complement, (5) the supplement, of radians ? 


Give your answers in radians and degrees. 


5. What is the ratio of 45° to on radians? a radians to on radians ? 


1 : : 
10” radians to one right angle? 
6. Convert 69° 43’ 57” into radians. 


7. Express one radian in sexagesimal measure. 


ee : ae 
8. The sum of two angles is 97 radians, and their difference is 5 


radians. ind the number of degrees in each angle. 
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§ 3. THEOREMS CONCERNING CrrcuULAR MEASURE 
Theorem III. If an angle of @ radians is subtended at the centre of a 
circle of radius r by an arc of length /, @ = - 
An arc of length r subtends at the centre an angle of 1 radian, 


.*. an arc of length / - 7 oy radians, 


a 


C= 


Theorem IV. The area of a sector of a circle is Vag where + is the 


2 
radius and @ radians is the angle contained by the sector. . 


Let are AB of sector OADB (Fig. 3) be divided into » equal parts, 
and let CD be one of these parts. O 
Join OC, OD, CD, and draw OM 


perpendicular to CD. 
Areaof AOCD=40M x chord CD - 
and mnAOCD=40M xnCD. 
If n increases indefinitely, A 5 
nCD tends to become the arc AB, 

OM AS - radius, Z 
and eM 
ndOCD 5) AD sector. Fia. 3 

T 
e*% area of sector = g° are AB 
the 
= 5) 76 (Th. III) 
= 8 


Note. It follows from Th. IV that the area of a circle of radius ris 
ve Qn—1.e., 7. 


Example 1. Find, to the nearest degree, the angle subtended at 
the centre of a circle of radius 10 cm. by an arc of length 12 cm. 


Required angle = 7 radians (Th. ITI) 


12 180° 
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1p, “9 3 
= 10% 99* 180 


= 69° (to nearest degree). 


Example 2. A sector of a circle has area 45 sq. cm. and contains 
an angle of 30°. Find the radius of the circle, giving answer in 
em., and correct to one decimal place. 


Let Jength of radius=r cm. 


.. area of sector = la x ae sq. cm. (Ths. II and IV) 
a TEND 
wr 
=T5 84: om. 
rr 
“49 = 45 
. 92 540 
ee” BANG 
=e 
oye T= Loe 


z.e., length of radius = 13-1 em. (correct to one decimal place). 


EXERCISES 


1. The radius of a circle is 3-5in. Find the area and perimeter of 
the circle. 

2. The area of a circle is 55 sq. in. Find the leneth of the radius. 

3. What length of wire can be bent into a circle of diameter 1-5 ft. ? 

4. The perimeter of a semicircle is 43-2 cm. Find its area. 

5. The area of a semicircle is 14-3 sq. ft. Find the perimeter. 

6. Calculate the number of degrees in the angle subtended at the 
centre of a circle of radius 6 cm. by an arc of length 12 cm. 

7. The circumference of a circle is 198 in. What length of arc sub- 
tends an angle of 25° at the centre ? 

8. An angle of 42° is subtended at the circumference of a circle by 
an arc 8 cm. Jong. Find the radius of the circle. 

9. In a circle whose diameter is 27 cm. an are subtends an angle of 
61° 15’ at the circumference. Find the length of the arc. 

10. From two circles of radii 9:3 em. and 12-4 cm. respectively two 

7 30 : 4 

sectors whose angles are 3 and 2 radians respectively are cut out. 
Find the ratio of the areas of the sectors. 

1l. A circular plot of diameter 15 ft. is divided into five equal 
sectors. Find the area of a sector. 
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12. A circular disc of radius 9 in. is divided into three equal sectors 
coloured red and three equal sectors coloured blue. The angle of a 
red sector is one half that of a blue sector. Find the area of each 
coloured sector. 

13. Ina circle of radius 5\/2 in. a chord of length 10 in. is Ree 
Find the area of the minor segment of the circle. 

14. Find the number of radians in each angle of a regular eee a 
regular octagon, and a regular decagon. 

15. The angle subtended by the moon’s diameter at the earth is 31 
minutes. Find the diameter of the moon if its distance from the earth 
is 24 x 10* miles. 

16. Find the distance between two places on the same meridian if 
the difference in latitude is 17° 30’. The earth’s radius is 4000 miles. 

17. A train moves round a circular curve of radius 600 ft. at 18 
miles per hour. What angle is subtended at the centre of the circle 
by the are traversed in 10 seconds ? 

18. ABC is an equilateral triangle whose sides are 2a units long. 
Find the area of the inscribed circle and show that the area of the 
circumscribed circle is four times that of the inscribed circle. 

19. ABC is an isosceles right-angled triangle having AB= AC= 2a. 
Circles are described on AB and AC as diameters. Prove that the 


area of the part of the triangle common to both circles is a? (z- 1) . 


20. The radius of a circle, centre O, is a units long. OX and OZ 
are two radii, containing an angle of 120°. At X and Z tangents XY 
and ZY are drawn to the circle. Assuming that YO is 2a units, find 
the area enclosed by YX, YZ, and the major are XZ. 


CHAPTER II 
CIRCULAR FUNCTIONS OF ANGLES 


§ 4, RrcTANCULAR AxmS OF COORDINATES 
Let XOX’, YOY’ (Fig. 4), be two mutually perpendicular straight 
lines. From P, any point in the same plane as these lines, draw PM, 
PN, perpendicular to XX’, YY’, respectively. Let OM be considered 
positive or negative according as M is or is not on the same side of 
O as X, and let ON be considered positive or negative according as 
N is or is not on the same side of O 
as Y. Then the position of P is 
N P known when the magnitudes and 

signs of OM and ON are known. 
M If OM and ON be @ and y units 
x! Oo Xx respectively, x and y being given their 
proper signs, P is referred to as the 
point (x, y). « is called the abscissa, 
y the ordinate, x and y the coordinates 
of the point P. XOX’, or briefly OX, 
is called the axis of a or simply the 
x-axis, and, in the same way, OY is called the y-axis, while OX and 
OY are called rectangular axes of coordinates, and O is called the 
origin. 


( 
ve 
Fie. 4 


Note 1. ON=MP, and hence MP is often Y 
referred to as the ordinate of the point P. 


Note 2. The four portions into which the a hs 
axes divide the plane are called quadrants, 7 cS x 
and these are referred to by number, as 5 Ro au 
indicated in Fig. 5. 

Note 3. The quadrant in which a point XH 
lies is known when the signs of its co- Fig. 5 


ordinates are known; e.g., a point which has a negative abscissa 
16 
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and a positive ordinate must lie in the second quadrant. The 


signs of the coordinates of points in Y 

the different quadrants are shown in diee eee aes 1 
Fig. 6. 
ordinate + ordinate + 
EXERCISE 
x 
Plot the points (2,8), (— 2,0), (0,4), 

(1,6), (—4,-4), (—5,—6), and verify abscissa — abscissa + 
that they lie on a straight line. rahi <= aacitnl 

yy 


§ 5. DEFINITION OF THE CIRCULAR FUNCTIONS EAG=¢ 


Consider rectangular axes OX, OY (Figs. 7 and 8). Let OP be the 
final position of a line which rotates from initial position OX through 
angle A, in the counter-clockwise direction if A is positive, and in the 
clockwise direction if A is negative. 


rY4 
oc 
x Oo x 
y if 
P Ni 
Fia. 7 Fie. 8 


Then, considering OP as a positive line of length 7, and letting the 
coordinates of P be x and y, 


sine A = y cosecant A = ie 

r y 

cosine A = i secant A = Le 
Ts xe” 

Yy xv. 

tangent A = 7 , cotangent A = ai 
or, briefly, 7 5 > 
sin A =<, cosec A =-; 

r y 

- 

cosA =~, sec A = -—; 

r x 

Yy oni 

= 4 cot A = - 

tan A of y" 
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Note 1. These six ratios are called the circular functions of the 
angle A. Circular functions are sometimes called trigonometrical 
functions or trigonometrical ratios. 

Note 2. A common cause of error among students beginning 
v trigonometry is failure to realize that 
Plxly? the circular functions are ratios; the 
Roocy) student must bear in mind that sin A 
is not the product of two quantities 
sin and A, but is a symbol for a ratio. 
eM 2 s Note 3. Each of the circular func- 
tions is constant so long as the angle 
A is constant; i.e., the values of 
ww the ratios are independent of which 
es point P is taken on the arm of the 

angle A, 


eg. (Fig. 9) let P’ (2’,y’) be any point on OP, or OP produced, and 
let OP’=r’. Draw MP, M’P’, the ordinates of P,P’ respectively. 


_ 4 __y_MP_ MP’ (A’s OMP, OM’P’ 
Then sin A="=O5= Op’ are equiangular) 


i.e., sin a=*. 


Similarly for the other circular functions. 

Note 4. In the foregoing definitions the angle A is not necessarily 
less than four right angles; there is no limit to the magnitude 
which A may be given. It follows that any number of angles can 
be found having the same arms 
OX and OP. 

Note 5. The angle A is said 
to be in the first, second, third, 
or fourth quadrant according 
as the arm OP is in the first, 
second, third, or fourth quad- 
rant. The signs of the cir- 
cular functions of an angle are 
known, therefore, when we 


§ ; fan + tan — 
know in which quadrant the hid 


angle is. The student should Hig. 10 
verily the signs indicated in Fig. 10. 

The cosecant, secant, and cotangent have been omitted in 
Fig. 10, as these functions have the same signs as their respective 
reciprocals, viz., sine, cosine, and tangent. 
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Example 1. Determine, by measurement, sin — 141°. 
Draw rectangular axes X’OX, YOY (Fig. 11). Draw OA in 


the third quadrant, making AOY’ 51°; then OX and OA are the 
arms of the angle — 141°. From 
OA cut off OP 10 cm. long. 
Draw MP, the ordinate of P. 

On measurement MP is found 
to be 6-3 cm. long. 

erect 0-63, 
10-0 

Note 1. In determining sin 
— 141° the second term in the 
ratio, viz., the line OP, was 
chosen of length 10 cm. This Fia. 11 
made the final calculation ex- 
ceedingly simple, and at the same time allowed the value of 
sin— 141° to be determined to two decimal places, because the 
length of MP could be stated to two significant figures. 

Note 2. There is no necessity to draw the axes, because, having 
determined in which quadrant the angle is, we know the signs of 
its different circular functions. Except, however, in the case of 
angles in the first quadrant, where all the functions are positive, the 
student is advised to draw the axes. 


Example 2. Determine, by measurement, tan 317°. 


Draw rectangular axes OX, OY 
(Fig. 12). Draw OA in the fourth 


quadrant, making AOx 43°; then 
OX and OA are the arms of the 
angle 317°. From OX cut off OM, 
10 cm. long. Draw MP _ perpen- 
dicular to OX and meeting OA 
at P. 

On measurement MP is found to 
be 9-3 cm. long. 
; ae Saas 

. .. tan 317 = 700 Tre 

Example 3. Determine, by measurement, cosec Silos 
Draw rectangular axes X’OX, Y’OY (Fig. 13). Draw OA in the 


\f 


Fia. 12 
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third quadrant, making x’OA 33°; then OX and OA are the arms 
of the angle 573°. From OY’ cut off ON, 10-0 cm. long. Draw 
NP perpendicular to OY’ and meeting OA at P; draw MP, the 
ordinate of P. Then MP=ON=10-0 cm., and on measurement 


18-4 
007 1-84. 


| 


OP is found to be 18-4 cm. long. .*. cosec 573°= 


ing 


Fig. 13 Via. 14 


Example 4. Determine, by measurement, the acute angle whose 
sine is 0-67. 

Draw rectangular axes OX, OY (Fig. 14). Draw a circle, centre 
O and radius 10:0 cm. Along OY measure ON 6-7 cm. long. 
Draw NP parallel to OX and meeting the circumference of the 
circle at P. Join OP and draw MP, the ordinate of P. 


MES ONE om xKOpeicrcauned 


A 
Then, since sin XOP= OP ~ OP ~ 100 


angle. 
A 
On measurement XOP is found to be 42°. 


Example 5. Determine, by measurement, the angle which is 
greater than 270° but less than 360°, 
and whose tangent is — 0-32. 


Draw rectangular axes OX, OY (Tig. 
x 15). Along OX measure OM, 10-0 cm. 
long ; draw ordinate MP in the fourth 


P quadrant and 3-2 cm. long. Join OP. 
: MP —3-2 
Then, since om = 10-0 = — 0-32, OX 


Fia. 15 
- and OP are the arms of the required 


angle. On measurement the acute angle XOP is found to be 18°. 
.*. the required angle is 342°. 
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Example 6. Determine, by measurement, the angle which is 
greater than 180° but less than 270°, and whose cosecant is— 1-44. 
Draw rectangular axes X’OX, Y’OY (Fig. 16). Draw a circle, 
centre O and radius 14-4 cm. Along OY’ measure ON, 10-0 cm. 


fie. 16 


long; draw NP parallel to OX’ and meeting the circumference 
of the circle at P. Draw MP, the ordinate of P. 
: OP_ 144 
Then, since MP TZLI0OT 1-44, OX and OP are the arms of 
the required angle. On measurement the acute angle X’OP is 
found to be 44°... the required angle is 224°. 


EXERCISES 
Determine by measurement 
1. sin 33°. Seetanlil oes 5. sec 437°, 
2. cos 234°. 4. cosec 302°. 6. cot 835°. 
7. the angle, between 0° and 90°, whosesin is 0-34. 
8. ” ” ” 90° ” 180°, ”> cos ” — 0-92. 
9. ” ” 9 270° oy) 360°, 2”? tan 59) te 32s 
Ose. 5 ee 180° ,, 270°, ,, cosec,, —1-37. 


11. ” 29 ”” 270° 9 360°, ” sec ” 2-19, 
oe re 1480? ©, 270%, 5) cob 4. 23. 


CHAPTER UI 
THE CIRCULAR FUNCTIONS OF CERTAIN ANGLES 


§ 6. Tae CrrcutaR Functions oF 0°, 30°, 45°, anD MULTIPLES OF 
SOgaore 


Theorem I. It AABC (Fig. 17) has A=45° and B=90° then 
¢ AB:BC:CA=1:1:7/2. 
Let AB = a. 
Then BC = a (¢=45°) 
and CA? = 227 (Pythagoras’ Th), 


CA = 12x 
A B © AB: BC:CA=a:a:v/2x 
Fig. 17 =1:1:4/2. 


Theorem Il. If AABC (Fig. 18) has A=60° and B=90° then 
AB: BC: CA=1:4/3:2. 

Produce AB to D, making BD=AB. Join CD. 

Then A’s ABC, DBC are congruent (two sides and included angle) 


A A A 
A .. D == 60°(D=A) 
.. ACD = 60° (3 angles of A) 
-*- AD = AC (sides opposite equal angles) 


1 
55 JN} Ss 5 AC 
Let AB=2 
Then AC = 22 
AL B 9 A 2 2 2 , 
.. BC* = 4a°— a? (Pythagoras’ Theorem) 
Fig. 18 = 372 
BC = 3a 


22 
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AB: BC: CA = 2:1/3x: 2x 
= 1:+/3:2., 


A 
Note.—ACB= 30° (Fig. 18), and if the angles of AACB are 
taken in ascending order of magnitude then the corresponding sides 
are also in ascending order of magnitude. 


By means of these theorems the circular functions of 30°, 45°, and 
certain multiples of 30°, 45°, can be 
determined. % 


EHxample 1. tan 30°. 
OX and OA (Fig. 19) are the arms ie) 
of the angle 30° Mx 


MP 
+ re} 
Bertani Oe om 


aes 
ae 


(Th. II). 


Fig. 19 


Example 2. cosec 240°. 
OX and OA (Fig. 20) are the arms 
of the angle 240° 


and MOP = 60° 


es’ cosec 240° = —— 


Example 3. cos 315°. 


OX and OA (Fig. 21) are the arms 
of the angle 315° fo) Mx 


A 
and POM = 45° 


> OM 
ee COS 315° = OP 


/2 Fie. 21 


24 
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In the case of the angles 0°, 90°, and multiples of 90°, the 
A OMP (as in Fig. 19, etc.) vanishes, but if the triangle is pictured 
as an infinitely narrow one the values of the ratios of these 
angles can be determined. 


Mf Example 4. sin 0°. 
OA (Fig. 22) coincides with OX 
fe) cua ecigt (ioe ees 
a enon? = OP. 
mire0a 
~ OP” 
= 0. 
Fia. 22 
A ae Example 5. tan 90°. 
OA (Fig. 23) coincides with OY 
MP 
x ah P= a 
O|IM tan 90 OM - 
CAME, 
nO) 
= 0. 
Fic. 23 
Example 6. cosec 270°. 
OA (Fig. 24) coincides with OY’ 
NV. x .”. cosec 270° = = 
= —], 
Pp By the methods of this section, 
Aly the student should be able to deter- 
ees mine any of the values in the follow- 


ing table, and after a little practice 


he should be able to do so mentally and quickly. The table is 
provided as an exercise, and no attempt should be made to 
memorize it, 


CIRCULAR FUNCTIONS OF CERTAIN ANGLES 


() sin 0 cos 6 tan @ cosec 6 sec 0 cot 6 
oe | 0 hogtied 0 1 0 
207 = a a Sulla we 
eet | ko | vel wel 
60° se ules ye 2 a 
gor |. 1 0 za 1 on 0 
120° vs os ~4/3 a -2 a 
135° a m5 ==) V2 ae 2)|) sal 
mikced 
150? | 5 ave Sgt ae DY: 
iso? | o | -1 | 0 ou eee 
a eer | ae: 
225° 7 Fi a ed Nagy ome 
240° oi .. V3 =a ~2 ce 
270° | -1 | 0 eae pega 0 
300° ave ; —V/3 ye 2 <i 
315° “55 SF -1 | -v/2| v2 2! 


Example 7. Find the value of 


sin 120° cot 330°+ cos 210° tan 150°+ cosec 225° sec 315°. 


Bxpression= V,5(- V3)-¥8 (- 4.) —-V2.\/2 
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Example 8. Prove that 


Q0 oe PH ONE 53 tee . OTe, 
Cos J COs & —sin 3 sin g¢=Cos 3 cos g+sin > 3in 6 
dro br Or ome el aves 1g 
con *F 00s ~ sin ain = —5(—S)— S50 
507 TO ere /3 ( /3 Lia 
Cee ee ue 5 sin 6-2 oe 4, 979 
: <2" 57 si 2Qr eos te eae si 5a ne 
oh COS Fans s Gio Nagas Cis fe oc 


Example 9. Prove that 


4tan A—4tan® A 4 
tan aA= eet TTL TN when A=30°, 
If A=30°, tan 4A=tan 120°= —/3 
4 4 


4tan A—4 tan’? A 3 03V3 


and Toten A Sansa I 
12 
9 
noe 
3/3 = 
-22--Vv3, 
9 
= 3 
etter ai Ate 4tan A—4 tan? A 


1—6 tan? A+ tan‘ A* 


EXERCISES 
Find the values of 
1. sin 45° cos 45°+ sin 30°. 
2. sin 60° cos 30°— cos 60° sin 30°. 
3. sin? 30° + sin? 60° — sin? 90°. 
4. cosec? 30° cot? 45° — sin? 45° tan? 60°. 
5 


7 ‘a we 

; cos®  — cos” es 6. COS 5 sin 5 +008 & sin Z. 
Sl Tee w Tv Tv T T 

: 5 tans 7 —= COS 5 5 

7 sin 5 an z 80 00s & cot 7 cot 3 


8. sec? ; cot? = 8 cos? sin? 2 : 
9. sin 240° cos 150° — sin 150° cos 240° 


10. 
ugly 
12. 


13. 


14. 


15. 


16. 


ie 
18. 
19. 
20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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— tan 300° tan 135° tan 240° — 3 cot 120° sec 210° cosec 330°. 

sin? 120° cosec 270° — cos? 315° sec 180° — tan? 225° cot 315°. 

3 tan 210° sec 210° — sin 330° cot 135° — cos 150° cosec 240°, 
4 


oT: 
prea quae 
sin 3 + cos 3 ° 


c L578 sec ae t as 
cose 6 3 ~ C0 7 


cot? at sin? BE — cosec? (he 


2 6° 
Re en cor a Sas ue Wr 
ec | 3 6 °° 3 — Sin 5 coset “A. 
Prove that 
cos 60°+ cos 120° — cos 180°= 1-4 sin 30° sin 60° cos 90° 


tan 60°+ tan 120°+ tan 180°= cot 210° cot 330° tan 180°. 

(sin 150° + cos 270° + tan 315°)?= sin? 135° cos? 225°. 

sin* 120° + cos* 120°= 1 — 2 sin? 120° cos? 120°. 

cos? 45° cos? 150° — sin?45° sin? 150° = (cos? 45° — sin? 120°) tan 135°. 


sin 120° cos 240° : r ; : 
tan 300°. cot 3ie°= 240° — cosec* 330°. 


is thas 513 4r Tr 56r. 4 2Qr 3a 
tans tan 4 — tan 6 tan. 3 + tan 6 tan 3 = sin 3 sec 3 cosec 3° 
Qn ) ( ; =) Re 
pl ee = eae eon ee peg 
(2 cos 3 1)\1—2 sin 3 1—sin 3° 


Verify the following identities : 
sin 20=2 sin @ cos 0 

(i) when = 30°, (ii) when = 150°, (iii) when 0= 315°, 
cos 246= cos? 6— sin? = 2 cos? @— 1=1—2 sin? 0 

(i) when #= 135°, (ii) when 6= 180°, (iii) when 0= 240°, 

2 tan 0 

tan ES eT Sante 

(i) when 6= 60°, (ii) when 0= — 60°, (iii) when 0= 135°. 
sin 30=8 sin @—4 sin’ 0 

(i) whfen 0= 30°, (ii) when 0= 90°, (iii) when 6= 150°. 
cos 36=4 cos*® 6—3 cos 0 

(i) when @= 120°, (ii) when 0= 225°, (iii) when 6= 180°. 
sin (A+ B)=sin A cos B+ cos A sin B 

(i) when A= 30°, B= 60°, (ii) when A= 150°, B=30°. 
cos (A+ B)=cos A cos B—sin A sin B 

(i) when A = 45°, B= 90°, (ii) when A= 120°, B=150°. 


34. 


35. 
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. sin (A—B)=sin A cos B—cos A sin B 


(i) when A= 180°, B= 45°, (ii) when A= 300°, B= 240°, 


. cos (A—B)=cos A cos B+sin A sin B 


(i) when A= 60°, B= 30°, (ii) when A= 270°, B=210°. 
tan A+ tan B 
DIES LS) = l—tan A tan B 
(i) when A= 150°, B=60°, (ii) when A= 225°, B=45°, 
ne B)e tan A—tan B 
; 1+tan A tan B 
(i) when A= 330°, B=210°, (ii) when A= 240°, B= 120°, 


CHAPTER IV 


RELATIONS BETWEEN THE CIRCULAR FUNCTIONS 
OF AN ANGLE 


§ 7. RucrprocaL RELATIONS 
Take rectangular axes OX, OY (Fig. 25), and let OX and OA be the 


arms of the angle A. Let the coordinates of P, any point on OA, 
be 2 and y. Let OP=r. 


Fia. 25 
se ee ee! : “wEk 
Then sinA PF Sasee A) PO Oe A = aa 
y 
eee *,also. sec A = 
a are rig ee A ~ cos A’ 
x 
Re taht oe | f oe 
Ye 7 a COuAG , also Col A ma. 
y 
§ 8. RELATIONS BETWEEN sin A, cos A, tan A, AND cot A 
Y . 
‘ ory? SE asin , _ cos A 
OL Geo A oie een A 
tik 
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§ 9. RELATIONS DEPENDING UPON THE THEOREM OF PYTHAGORAS 

In Fig. 25 we have, by the Theorem of Pythagoras, y*+a°=7"$ 
and this equation is true no matter what the signs of x and y may be, 
as only the squares of these numbers appear in the equation. We 
therefore have, for all values of A, 


Pre=r 
2 2 2 
ands) eee Pe (eee Mid Pee 
2 2 2 2 
Wi iS x a 


ie., sin? A+cos? A=1, 1+tan? A=sec? A, and 1+ cot? A=cosec? A. 
Note 1. These three identities are different forms of one identity : 
any two of them can be derived from the remaining one. 
Note 2. The student should observe that sin? A or (sin A)?, 
but not sin A?, is the square of sin A. The notation commonly 
used is sin? A, and this should be read ‘ sin squared A.’ 


Example 1. Prove the identity cosee A—sin A=cos A cot A. 
cosec A — sin jy A 
sin A 
1—sin? A 
~~ sin A 
_ cos? A 
~ sin A 


cos A 
=cos A — 
sin A 


=cos A cot A. 


l—cosA 
sin A cos A” 
sin A cos A il 
cosA' sinA sinA 
_ sin? A+cos? A—cos A 
rt sin A cos A 
_ _l=cosiA 
~ sin A cos A. 


Example 2. Prove that tan A+cot A—cosec A= 


tan A+ cot A—cosec A= 


r) i 
Example 3. Show that te = 2 if s=a(sin «+ cos a) and 
y= b(sin a—cos a). 
x? oe : Perky es : 
at pam (Sin @+ cos a)?+ (sin a—cos a) 
= sin? a+ 2 sin a cos 4+ cos* a+ sin? a—2 sin a cos a+ cos? a 
= 2 (sin? a+ cos? a) 
=2. 
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‘ 
+ 


Baampie 4. If sec ¢=2 tan $, show that sec? Oe: 
sec? ¢=1+tan?¢ 


= 13 sec? ¢, 
oe : sec? ¢ =] 
; _4 
-°. Sec? db = 3 
EXERCISES 
Prove that 
~1. sm A=cos A tan A. 
2. cos A=sin A cot A. 
— 3. tan 6=sin @ sec 0. 
4. cot $=Ccos ¢ cosec ¢. 
- §. (1+ tan? a) cos? a=1. 
6. cosec? 6 sin 8 cos B=cot B. 
7. cot? 8 sec B=cos 8 cosec? B. 
8. (cos A+cot A) sec A=1+ cosec A, 
9. cot @ (sec? @—1)=tan 0. 
10 seca—1l l-—cosa 


“secatl I+cosa’ 
—11. (sin ¢+ cos ¢)?=1+2 sin 4 cos ¢& 
12. (cos ¢—sin ¢)?=1—2 sin ¢ cos ¢. 


13 tan A a sin A cos A 
* 1—tan? A cos? A—sin? A’ 

tan A 3 
14, ated? A =sin A cos A. 

sin 0 
5: CER acct =1-—cos? é. 
16. (1—sin eal vga Be ata A. 

sin? A 
sin A cos B+cosAsinB tan A+tan B 

ne cos A cos B—sin Asin B 1—tanA tanB’ 
18 sin 9 cos 6—cos 0 sin ¢@ cot ¢—cot# 


* cos 0 cos $+sin 4 sind 1+cot ¢ cot & 
19. cot a+tan a=sec «a cosec a. 
20. cosect A—1=cot? A (cosec? A+ 1). 
cot A+cot B 
. ————~ = cot A cot B. 
tan A+ tan B ce ea 


3] 
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22. sn B+cot B cos B=cosec B. 
23. cos? A (1+ sin? A)=1—sin* A. 


24. eA = s00 A (1—sin A). 

25: oe cosec B (1+ cos B). 

26. oe an = 008? 6—sin? @. 

Die noaaat cag? sec? 

28. KES sec A—tan A. 

29. sec A—cos A=sin A tan A. 

30. pt eet 0. 

31. cos B (tan B—cot B)=2 sin B-—cosec B. 
32. 1+ cot? ¢—2 sin? ¢— 2 cos? patent 


33. cos? 6—sin? 6=2 cos? 0-1l=1—2 sin? 0. 
sin A+cosA 1+2sin AcosA 
‘ sin A—cos A 1-2 cos? A 
~ 85. cos® a+sin® a=(cosa+sin «)(1—sina cosa}. 
36. cost a—sinta=cos? «—sin? a, 
37. sect a—tan* a=sec? a (1+sin? a). 
38. cosec* A—cot* A= a ey 
sin? A 
39. cos® 6+ sin® 6=1—3 sin? 4 cos? ¢=1—8 sin? ¢+3 sin* 9. 
40. cos® 0—sin® ¢=(1—sin® ? cos? @) (cos? 0—sin? @). 
41. cos* @— sin’ = (cos? @— sin? @) (1— 2 sin? 0 cos? 0). 
42. cos’ A+ sin? A=]—4 sin? A cos? A+ 2 sin* A cos! A. 
43. 2 sin® a—tan? a=tan? a (1—2 sin? a). 
cos A—tan A sin A 
* cos A+tan A sin A 
45. (sin 6+ cos @) (sec 0+ cosec 6)=2+ tan 0+ cot 0. 
46. (sec? 6— tan? ?) (cos? 6— sin? @)=(1—sin? @) (1— tan? 6). 
47. sin? A cos? B—cos? A sin? B=sin? A—sin? B=cos? B— cos? A, 
48. cos? 0 cos? ¢—sin? 0 sin? ¢=cos? 6— sin? ¢=cos? ¢?—sin? 0. 


=1—2 sin? A. 


49. sec A+tan A+ cot CSET icons | 


50. sec? A-+cosec? A=sec? A cosec? A. 
51. tan? A+ cot? A+ 2=cosec? A sec? A. 


§ 10. 
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tan A cot A 1—sin AcosA 


Pilecot Aly (tan A cosAsinA ~* 


2 cos? A—cos A 


* sin A cos? A-—sin® eee ra 
t-—sin A 
: Trsin-a = 1~2 see A tan A+2 tan? A 


. (tan A+cot A)?+ (sin A+cosec A)?+(cos A+sec A)? 
=5+2 sec? A cosec? A. 

Show that 
: pee eh a cos 6, y=a sin 6. 

2 

= 7+ G=1ife= a cos 6, y=b sin 4. 
. —y?=c? if e=c sec 0, y=c tan 0. 

a" V1 if =a sec 0, y=b tan 0, 

rh ay x=a sec 0, y=b tan 
.2+y+2=r7 if =r cos 6 sin >, y=r sin 4 sin ¢, z=? cos ¢. 


. 2+y=a?+b? if c=a cos 0-5 sin 0, y=a sin 9+6 cos 4. 
. 2+ y?— 2ax— 2ay+a?=0 if e=a(1—sin 0), y=a(1—cos 8). 


. vy + ba—ay=2ab if <=a(1+ tan 4), y=b (cot 0-1). 
. w+ y?+ 29a + fy +c=0ife=rcosd—g, y=r sin 0—f,r?=g? + f?—c. 
eae show that sin A cos A= ——. 
sin A cos A a+ be 
a 
ay GAPE show that sec 6 tan 0= — aS 
a+b a-—b a? — 6? 
ee eT ne show eos cosec ¢ cot pa ak 
a b 


272 
sin A cos A tan 2 show that a"(at+b")= bc, 


. If sint 6+ cost 6=1 show that either sin 0=0 or cos 6=0. 
. If sin 6=cos 6 show that 2 sin @ cos 0=1. 


(The equations of § 53 may be taken at this stage.) 


ALL THE CIRCULAR FUNCTIONS OF AN ANGLE EXPRESSED IN 
TERMS OF ANY ONE OF THEM 
Example 5. Express the circular functions of angle A in terms 
of sin A. 
sin? A+cos? A=1 
. cos A= +4/1—sin? A 


and sec A= eet oe 
t4/1—sin? A 
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Also tan Ae x 
; cos A 
ia sin A 
t4/1—sin? A 
Ge 
DCR ee a 
sin A 
1 
Also cosec A= Bee 


Example 6. Express the circular functions of angle A in terms 
of tan A. 
sec? A=1+ tan? A 


.. sec A= +4/1+ tan? A 


1 
and cos A=——_———. 
t4/1+tan? A 
Also sin A=cos A tan A 
* tan A 
+4/1+tan? A 
© 2 
and cosec Au tV 1+ tan? A 
tan A 
1 
Also cot stem 


Note 1. The student is familiar with the double solution in 
extracting a square root in algebra. In Example 5, if sin A is 
positive, A is in the first or second quadrant, and cos A is positive 
in the first quadrant and negative in the second quadrant. In 
Example 6, if tan A is negative, A is in the second or fourth 
quadrant, and sec A is negative in the second quadrant and 
positive in the fourth quadrant. 

Note 2. The following method, in general use, enables us to 
obtain quickly the expressions connecting the circular functions, 
e.g., to express the circular functions of angle A in terms of tan A. 


A 
Let tan A=?t, OM (Fig. 26)=1 unit, OMP=90° and MP = units. 
p 
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Then OP=1/OM?2+ MP2 
=V1+#? 


e*. sin MOP= ce 


V1+é 
1 
=—=——= etc, 
and cos MOP /1tt 


ene are the numerical values of sin A and cos A 


t 
——= = and 
V1+! 1st 
respectively, in terms of tan A; the sign of each circular function 
is determined from the quadrant in which A lies. 


The student should use the method of this section to prove any of 


the values indicated in the table on page 36, but he may use the 
method of Note 2 to obtain them quickly. No attempt should be 
made to memorize any of the values: we have simply tabulated the 
results of a useful set of examples. 


Example 7. If cos A= = find the values of sin A and cot A. 
sin A= +4/1—cos? A 
ae 
ae) 


V/3 


If A is in the second quadrant sin A= 55 


V3 


If A is in the third quadrant sin A= — z° 


If A is in the third quadrant cot A= /3° 
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Vv j00+ TAF Vv 008 VV 99800 vy uet+i AF . 
Pv = 1 A ne acc Vv cuis- IVF 
v oot TNF W088 90800. VW ebey+ It wy 800-1 /VF were oer 
if I-v 20 NF I Vy ue} a 
he 
vy 409 V 008 V 29800 Vv 800 
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EXERCISES 
1. If cos A=s, find the values of tan A and cosec A, 


2. Tf tan A= ms find the values of sin A and cos A. 


3. If sin A= — a find the values of cos A and cot A. 
4. If sec A= — _ find the values of cosec A and tan A. 
5. A lies between 180° and 270° and cot fran Find the values of 


7 
sin A and sec A. 


6. A lies between 270° and 360° and sec jas Find the values of 


60 
sin A and tan A. 
7. tan A= ~5 Find the positive value of cos A and hence 


determine by measurement the angle whose tangent and cosine have 
these values. 


8. cos Nate Find the values of cosec A and state in which 


iz 
quadrant A lies if tan A is negative. 
9. cosec A= — iS Find the values of tan A and state in which 


quadrant A lies if sec A is negative. 


10. If tan A is negative, find the value of sec A when sin A= — a 
11. If A is an angle of a triangle, find the value of sin A when 
14:4 
tan A= — Tye 


12. Find by measurement, and to the nearest degree, the least 


positive value of angle A if tan A= a and cos A is negative. 

13. sin A=0-:39, and A lies between 90° and 180°. Assuming that 
sin 2A=2 sin A cos A, find the value of sin 2A. 

14. tan A= —0-74. Assuming that cos 2A=cos? A —sin? A, find the 
value of cos 2A. 

15. sin A= —0°68 and A is in the third quadrant. Assuming that 
cos 3A =4 cos* A-38 cos A, find the value of cos 3A. 

16. cos A=0'91 and A is in the fourth quadrant. Assuming that 
sin 3A=3 sin A —4 sin’ A, find the value of sin 3A. 
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_ 42 
as find the values of sin* A and tan? A. 


2n(n+ 1) 
2Qn+1 ’ 


17. If cos A= 


18. If tan A= find the values of sin? A and sec? A. 


19. If sin pa find the values of cos? A,and cot? A. 


CHAPTER V 


THE CIRCULAR FUNCTIONS OF 90°+A, 180°+A, 270°+A, 
AND 360°-A 


§ 11. RELATIONS BETWEEN THE CIRCULAR FUNCTIONS oF ANY ANGLE 
A AND THOSE OF 90°+A, 270°+A 


Example 1. cos (90°— A)=sin A. 


Ain 299 quadrant Ain |# quadrant 
Y Ye 


Take rectangular axes OX, OY (Fig. 27). Let a line rotate 
through angle A from position OX to position OP, and let a line 
rotate through angle 90° — A from position OX to position OQ. Take 
P and Q on acircle, centre O, and draw the ordinates MP, M’Q. 

39 
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A A 
When A is in the first quadrant, POM=YOQ (construction) 
=OQM’ (OY, M’Q parallel). 
A A 
When Ais in the second quadrant, M’‘OQ= YOP (construction) 
A 
=MPO (OY, MP parallel). 
A A 
When A is in the third quadrant, POM= Y’O0Q (construction) 
A 
=O0QM’(OY’,M’Q parallel). 
¢ A A 
When Ais in the fourth quadrant, M’OQ= POY’ (construction) 
A 
= OPM (OY’, MP parallel). 
A A 
Also, in all cases, OMP=QM’O (right angles) 
and OP=QO (construction) 
. AOMP=A QMO (two angles and one side). 
. ey Wea lig ne 
e*. cos (90°— A)= 0Q~ op 752 A. 


Example 2. sec (270° — A)= —cosec A. 


Ain 2%9quadrant Ain I¥ quadrant 
Sys M4 
Pp 


i 
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In this case let XOP= A, XOQ=270°— A (Fig. 28). 

When A is in the first quadrant, POM = Y’0Q (construction) 
=O Om “(OY’,M’Q parallel). 

When Ais in the second quadrant, M OQ = POY (construction) 
=MPO (OY, MP parallel). 

When A is in the third quadrant, POM = YOQ (construction) 
: =M’QO (OY, M’Q parallel). 

When A is in the fourth quadrant, M’0Q = POY’ (construction) 
=MPO (OY’, MP parallel). 


A A 
Also, in all cases, OMP=QM’O (right angles) 
and OP=QO (construction) 
“. AOMP=A QMO (two angles and one side). 


.*. sec (270°— A) 


All the circular functions of 90°+A, 270°+A can be obtained in 
a similar manner, and the results are tabulated in § 12, 


Note. The results of Examples 1 and 2 are readily obtained by 
taking angle A in the first quadrant. In the examples of the 
next section we shall consider A in the first quadrant, and leave 
the student to prove the results for all cases. 


§ 12. RELATIONS BETWEEN THE CIRCULAR FUNCTIONS OF ANY ANGLE 
A AND THOSE oF 180°+A, 360°—A 
Example 3. sin (180°— A)=sin A. 


Fra, 29 
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A A 
In this case XOP=A, XOQ=180°— A (Fig. 29). 
A MOP=A MOQ (two angles and one side) 


a oe Eve 
-. sin (180°— A)= 00 =op ~snA- 
Example 4. tan (360°— A)=—tanA 
Y 
Pp 


Fig. 30 


In this case XOP= A, XOQ=360°— A (Fig. 30). 
A MOP=A M’0OQ (two angles and one side) 


é one a MOe Mee 
-. tan (360 A)=om’= GMCS —tan A. 


All the circular functions of 180°+A, 360°—A are obtained in a 
similar manner and are included in the following table. Again we 
remind the student that he should obtain any of the results as an 
exercise. 


180°-A 180° +A | 270° A 270° +A 


Note 1. If we call sine and cosine co-functions, and likewise 
tangent and cotangent, secant and cosecant, the values in the 
preceding table may be recalled readily thus : 
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(i) Consider A in the first quadrant and find the quadrant in 
which lies the angle whose function is required: the sign of that 
function for angles in this quadrant is the required sign. 

(ii) If the angle whose circular function is required is 180°+A or 
360°— A take the corresponding function of A: if the angle whose 
circular function is required is 90°+A or 270°+A take the co- 
function of A. 

The following example illustrates the method of recalling 
cosec (270°+ A). 

If A is in the first quadrant, 270°+ A is in the fourth quadrant. 

The cosecants of angles in the fourth quadrant are negative. 

The angle considered is 270°+A, .*. the required function of A 

is the secant. 

.*. the required value is — sec A. 


Note. 2. The position of OP in any of the diagrams of Figs. 27 
and 28 is not altered when A changes in value by any multiple of 
360° ; 7.e., when 7 is any integer the position of OP is the same 
for n360°+A as for A. The values of the circular functions of 
n360°+A are therefore the same as those of corresponding 
circular functions of A. 


Example 5. Express 785° as a circular function of an angle 


between 0° and 45°. 
sec 785°=sec (2 x 360° + 65°) 


=sec 65° 
=cosec 25°. 


Example 6. Express cot (— 821°) as in Example 5, 
cot (— 821°)=cot (3 x 360° — 821°) 
= cot 259° 
= cot (180°+ 79°) 
=COb oz 
Sia 1, 
Example 7. Prove that 
cosec (270° — A) cot (360° — A) sin (90°— A) 
_ =cos (90°+ A) tan (270°+ A) cosec (180°— A). 
cosec (270° — A) cot (360°— A) sin (90°— A) 
=(—sec A) (—cot A) cosA 
=cot A 
cos (90°+ A) tan (270° + A) cosec (180°— A) 
=(—sin A) (—cot A) cosec A 
=cotA 
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.”. cosec (270° — A) cot (360° — A) sin (90°— A) 


8 


me wh = 


=cos (90°+ A) tan (270°+ A) cosec (180°— A). 
Example 8. If A+B+C=180° prove that 


2 sin? pas ies 1=sin? A+ cos? (B+ C)—2 sin? 3 
in? A+ cos? (B+ C)—2 sin? O = sin? A + cos? (180° — A) — 2 sin? . 
=sin? A+cos? A—2 sin? > 
=1-2sin? (90° B+ ©) 
z= 1—2 cos? Bie 
Se eee ety 
2 
EXERCISES 
Find the values of 
. cos 405°, 5. sin 660°. 9. tan (— 330°). 
. cosec 750°. 6. sec (— 225°). 10. cot 1290°. 
. tan 960°. 7. cosec 1050°. 11. sin 570°. 
. cot 1Z15°. 8. cos 675°. 12. sec (— 855°), 
Express as the function of an angle between 0° and 45° 
. sin 289°. 17. sec 803°. 21. cosec 658°, 
. cot (— 59°). 18. cos (— 80°). 22. cos 1000°. 
. tan 245°. 19. cot ( — 583°). 23. sec (— 1292°). 
. cosec 127°. 20. sin 1135°. 24, tan (360° + 70°). 


Prove that 


. tan (90°— A) sec (180°+ A) cos (90°+ A)=1. 
. sin (360°— A) cosec (180°+ A) cot (270° — A)=cot (90°— A). 
. tan (180°— A) sin (270%+ A) cosec (360°— A)= —-1. 


. cos (7+) cot (Ge 0) sec (27 — 0)=tan (7+ @). 


2 


. cosec (+ 0) sin (Z-0) cos (r— 6)+sin (= -0) =0. 
. cot (27 —@) sin (r— 4) cosec (5+ 0) +1=0. 


. sin (360°— A)+ tan (270° + A)—sin (180°+ A)=tan (90°+ A). 
. cos (180°— A) —sin (270° — A)+ cos (90° — A) — cos (270° + A)=0, 
. cosec (180° + A)+sec (90° — A)— cot (360°— A)=tan (270°— A). 
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: 7 or 3r 
34. sin (7+ 4) sec (5-0) —tan (2 +0) cot (F-4)=0. 
— 35. sin? (7 — 6)+ cos? (27 —0)=1., 
tan (7+ 6)+ cot (3-6) 
~ 36, ———_—_—____________ = 2 sin 8 cos @, 
1+ tan (27 — @) cot (5+ @) 
[>-) If A+B+C=180° prove that 
37. tan (B+C)=-—cot(90°—A). 41. cos a — cos (90°+5). 


38. sin (90°+ B)= — cos (C+A). ALB Cc 
39. sec (A+ B)=sec (180°+C). 42. sin 9 =sin (90°+5). 


40. cos (90°+ A+B) “A 
= —sin (180°— C). 43. tan 3 = —tan (90°+ ee 

7 ATBtEe ALB “cc 

44. sin = or ep wee 5) tan 5. 


45, ‘sin (B+ C)+sin (90°— A) tan (B+C)=0. 
46. cos (B+ C)+sin (B+ C) tan (90°— A)=0. 
47. sec (A+B) cot (180°— C)=cosec (A+ B). 
48. cosec (90°— A)= — sec (90° — A) tan (B+C). 


Gein (90° -£) =cos A+B tan (90° c), 


2 2 
(or oe 
50. cos 9 =sin 90 -4) cot yee 
AZ ~ tan (90° 5) =coseo (180° 5) 
51. cosec 7) tan | 90 Rigs =cosec | 180 5)° 
A+B ( Snes A+B 
52. sec aoa cot { 90 ~ 5) =cosee a 
53. cos A—sin (B+ C) tan (B+ C)=sec A. 
Si eee Teenie 
54 Z = z 
‘ eee Ba Ce RO ek 
24 2 2 2 


§ 13. TABULATED VALUES OF THE CIRCULAR FUNCTIONS 
The values of the circular functions of any angle can be expressed in 
terms of those of an angle between 0° and 45°. In practice, however, 
we use tables which give the circular functions of angles from 0° to 90°. 
The values of sine, cosine, and tangent are given at intervals of six 
minutes as indicated by the heading of each column. A difference 
table enables us to give these values for angles differing by one minute. 
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NATURAL SINE TABLE 


Differences 


ou GY TOP iy GE BOY Eiey aiey my By | 1 OY Sy AY Gy 


65°| -9063 9070 9078 9085 9092 9100 9107 9114 9121 9128; 2 2 4 5 6 | 


Tables of natural sines, cosines, and tangents are printed at the end 
of the book. The above row is taken from the table of natural sines 
in which the columns are headed as shown. For angles between 
65° and 66° the values of the sine are given at intervals of six 
minutes. When the angle is increased by 1, 2, 3, 4, or 5 minutes, 
the number in the corresponding difference column is added to the 
number already obtained ; 

é.g., Sin 65° 42’=0-9114 

sin 65° 46’=0-9119 (angle is increased by 4’, and 5 is 
added to 9114). 
Note. cos 24° 51’= sin 65° 9’ 
= 0-9074. 


NaturaAuL CosInE TABLE 


Differences 


O47 305 136) 427 486548 ie Oe Sartor 


O’ Gy ily aks 


‘9135 9128 9121 9114 9107 9100 9092 9085 9078 9070; 1 2 4 5 6 


In the case of the cosine table, the number in the corresponding 
difference column is subtracted from the number already obtained ; 
e.g., cos 24° 18’=0-9114 
cos 24° 22’ = 0-9109 (angle is increased by 4’, and 5 is 
subtracted from 9114), 
Note. sin 65° 16’= cos 24° 44’ 
= 0-9083. 


NaturaL Tancent TaBLE 


Differences 


6 12’ 18’ 24’ 30’ 36’ 49/ 49’ 54’ 1 2/ 3’ 4 5’ 


9711 9797 9883 9970 0057 0145 0233 0323 0413/15 29 44 58 | 
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In the case of the tangent table, the number in the corresponding 
difference column is added to the number already obtained ; 


e.g., tan 63° 24’ = 1-9970 
tan 63° 39’=2-0189. 


Note 1. tan 63° 24’=1-:9970 and tan 63° 30’=2-0057. The 
integral parts here differ by one, and such a change is indicated in 
this and the other tables of this book by using heavier type. 
Sometimes the change is indicated by a short rule thus: 0057. 

Note 2. cot 26° 13’= tan 63° 47’= 2-0306. 

Note 3. The acute angle whose tangent is 2:0338 is found as 
follows. The required angle is greater than 63° 48’, whose tangent 
is 20323. If 15 is added to 0323 we get the required decimal 
figures, and this corresponds to an increase of 1’ to 63° 48’, 
.. required angle= 63° 49’. 

Note 4. The acute angle whose tangent is 1-9993 is 63° 26’ (to 
nearest minute) or 63° 253’ (to nearest half-minute). 

Note 5. The adjective natural is applied to circular functions 
when we wish to emphasize that we are not dealing with the 
logarithms of these functions (see p. 116). 


Tables of cosecants, secants, and cotangents are not in common use: 
the values of cosecants and secants are obtained from the values of 
their reciprocals, while the values of cotangents may be obtained after 
the manner indicated in Note 2 above. 


The student should test his ability to use tables by verifying that 


MBAOAP WHE 


. sin 8° 36’=0-1495. 9. tan 71° 49’= 3-0444. 
. sin 107° 33/=0-9535. 10. tan 323° 17’= — 0-7459. 
. sin 28° 59’=0-4846. 11. cosec 10° 24’= 5-54. 
. cos 37° 57’=0-7886. 12. cot 213° 19°=1-5214. 
cos 81° 53’=0-1412. 13. sec 74° 21’=3:-71. 
cos 248° 3’= — 0-4532. 14. cosec 67° 59’= 1-08. 
= tan 42 13 =0:8759: 15. cot 115° 37’= — 0-4795, 


tan 53° 29’= 1-3506. 16. sec 224° 44’= — 1-41, 


CHAPTER VI 
SOLUTION OF RIGHT-ANGLED TRIANGLES 


§ 14. The three angles and the three sides of a triangle are known 
as the six elements of the triangle. If, given some of the elements, 
we determine the others, we are said to solve the triangle. In §15 
we shall show how to solve right-angled triangles, and in doing so we 
shall denote the three angles by the letters A, B, C, and the numbers 
of units of length in the sides opposite these angles by a, b, c respectively ; 
the right angle will be denoted by C. 


§ 15. The right-angled triangle can be solved if, excluding the right 
angle, we are given any two elements other than the two remaining 
angles ; for the following cases arise : 


(A) Given the hypotenuse and a side, 
e.g. (Fig. 31), given c and a, 


A 


Fig. 31 


B is obtained from the relation cos B =<, 
b A ” ” ” ” ” A=90° — B, 
gan B, & «6 Pas atin bh meh bene b=a tan B. 
Note 1. The reader should accustom himself to establishing 


relations such as b=a tan B without having to write down the 
48 | 
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intermediate step, viz., ° tan B. Such intermediate steps will 


be omitted in cases (B), (C), (D). 

Note 2. The relation sin A =< can also be used to determine A, 
and the relation b =/c? —a? can be used to determine b. Similar 
alternative methods can be used in cases (B), (C), (D). 


Note 3. The method of solution is the same if ¢ and 6 are the 
given elements ; this case is left as an exercise to the student. 


(B) Given the two sides containing the right angle, 
4.e. (Fig. 32), given a and b, 


A 
c b 
Bea Cc 
Fia. 32 
A is obtained from the relation tan A=; 
B 9 ” ” ry) ” B=90° — A, 
b 
and c ” ” 9 ” 99 c= iinB 


(C) Given the hypotenuse and an angle, 
eg. (Fig. 33), given c and B, 


A 


Fia. 33 
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a is obtained from the relation a=c cos B, 
b ” ” ” ” ” b=c sin Bs 
and A ” ” ” ” ” A=90° —B. 


Note. The method of solution is the same if c and A are the 
given elements ; this case is left as an exercise to the student. 


(D) Given one side and one angle, 
e.g. (Fig. 34), given a and B, 


ia. 34 


A is obtained from the relation A=90°— B, 


b ” ” ” ” ” b=a tan B, 
and c ppp eke 
” ” ” ” ” ~=cos B 


Note 1. If the given angle is opposite the given side the same 
method of solution is applicable, for the third angle, being the 
complement of the given angle, is known. 

Note 2. The method of solution is the same if 6 and A are the 
given elements ; this case is left as an exercise to the student. 

Note 3. Excepting the relations A+B=90° and c?=a?+ 2, all 
the relations used in the preceding four cases follow immediately 
from the definitions of the circular functions of an angle, and 
in solving right-angled triangles the student should depend on his 
knowledge of the definitions of the circular functions and not on the 
memorizing of any of the formule appearing in the foregoing cases. 


Example 1, Solve the triangle ABC, given that C =90°, B =60°, 
and c=10. 
In Fig. 35, a=c cos B 
=10,cos 60° | 
=10 x34 | 
= 
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b=csinB 
=10 sin 60° 
=10 x V3 
2 


=5V/3 


A 


is) G 
Fia. 35 


and A=90° -B 
=90° -— 60° 
30s 
Example 2. Solve the triangle ABC in which B=90°, b=13, 
and c=5. 
In Fig. 36, 008 A =~, 


Fie. 36 


C=90°-A 
=90° — 67° 23” 
SP? Syl 
@=ctanA 
=5 tan 67° 23’ 
=5 x 24005 
= 12-00 (to two decimal places). 
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Example 3. If in the triangle ABC, A =90°, B = 43°, and b =15-7, 
find c. 
In Fig. 37, C=90° -B 


=90° — 43° 
=47° 
Cc 
1S'7 
CJ 
8 A 
Fia, 37 
c=b tan C 
= 15:7 tan 47° 
=15-7 x 1-0724 
=16-8 (to three significant figures). 
EXERCISES 
1. Solve the triangle ABC in which a =10, b =101/3, and C =90°. 
DR. *5 33 a b=100, C =60°, and A =90°. 
3. 9 ” 9 ¢=32, B=57°, and C =90°. 
4. ” ” ” b =9:°8, Cc =4:7, and B =90°. 
5 + > ey a=59, b=95, and ©C=90°. 
6. se 43 < 6=105, A=90°, and C =83°. 
7. Determine A when a=10, b =3-7, and C =90°. 
8. “8 Of COSC Seer, facl OSU, 
9. “s Coes 20 — 9:4 A902 FanGgiGEe=Giiee 


10. In a right-angled triangle the sides containing the right angle 
have lengths 8 ft. and 11 in. respectively ; determine the size of the 
smallest angle. 


§ 16. Many simple problems can be solved by the methods of § 15. 
In the statement of such problems the ‘phrases ‘ angle of elevation’ 
and ‘angle of depression’ are often used; these phrases may be 
explained thus : 
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B 


Fia, 38 Fig. 39 


Let A and B be any two points, and let AC be perpendicular to the 
vertical line through B ; then 
if B is higher than A (Fig. 38), CAB is the angle of elevation of B 
as viewed from A 
A 
and if B is lower than A (Fig. 39), CAB is the angle of depression of 
B as viewed from A. 
Example 1. A ladder 24 ft. long just reaches the top of a wall 12 ft. 
high ; find the angle at which the ladder is inclined to the horizontal. 
Let AB (Fig. 40) represent the ladder, and let CB represent the 
height of the wall. 


B 
24/ (2° 
A (e 
Fig. 40 
Then sin A a 
_12 
4 
=} 
Aor 


i.e., the ladder is inclined to the horizontal at angle 30°. 
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Example 2. From the top of a lighthouse, 150 ft. high, the angle 
of depression of a ship at sea is observed to be 4° ; find the distance 
of the ship from the lighthouse. 


Cc B 
Fig. 41 


Let AB (Fig. 41) represent the lighthouse, and let C represent the 
ship. 
A 
Then, if AD is parallel to BC, DAC =4°, and .. also ACB =4°. 


Hence BAC =86° 
and ... BC =AB tan 86° 
=150 ft. x 14:30 
=2145 ft. 
=715 yds. 
.". distance of ship from lighthouse is 715 yds. 

Example 3. At two points, one vertically over and 40 ft. higher 
than the other, an object has angles of depression 50° and 17° 
respectively ; find the height of the lower point above the level of 
the object. 


A 


D Cc 


FIG, 42 


Let A and B (Fig. 42) represent the points, and let C represent 
the object. ; 
Let CD, perpendicular to AB, meet AB produced in D. 


Then DAC=90° — 50°= 40° 
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and DBC =90° - 17° =73°. 
.. letting BD = ft. we have DC =BD tan DBC =x tan 73° 


and DC =AD tan DAC =(x+ 40) tan 40° 
-. x tan 73° =(%+ 40) tan 40° 
o*. x (tan 73° — tan 40°) =40 tan 40° 
o*. & (3:2709 — 0:8391)=40 x 0-8391 
_ 40 x 0-8391 


.”. the lower point is 13-8 ft. above the level of the object. 


EXERCISES 


1. A kite is held by a taut string, 100 ft. long and inclined to the 
horizontal at angle 30°; find the height of the kite above the level of 
the lower end of the string. 

2. A ladder of length 32 ft. has its lower end 16 ft. from the foot of 
a wall, and just reaches the top of the wall. Determine the angle at 
which the ladder is inclined to the horizontal. 

3. A guy, attached to a vertical pole, is 80 ft. long and inclined to 
the horizontal at angle 60°; find the height of the point at which the 
guy is attached. 

4, A and B are points, one on each of the parallel banks of a canal 
20 ft. broad. If AB is inclined to a bank at angle 30° find the distance 
between A and B. 

5. Ina rectangle ABCD the side AB is half the length of a diagonal ; 
find the size of the angle DBC. 

6. A, B, C are three points in a horizontal plane, B being east of A, 
while C is north of B and 30° east of north of A. If A is one mile 
from B find the distance from A to C. 

7. If M is the mid-point of the side AB of a square ABCD determine 
the size of the angle AMD. 

8. A ladder rests against the top of a wall 22 ft. high and has its 
lower end 8 ft. from the foot of the wall. Determine the angle at which 
the ladder is inclined to the wall. 

9. From a ship at sea the top of a lighthouse is observed to have 
angle of elevation 2° 30’. If the ship is one mile from the lighthouse 
find the height of the latter. 

10. A horizontal telephone wire connecting two houses, one on each 
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aide of a street, is inclined at 30° to the direction of the street. Compare 
the breadth of the street with the length of the wire. 

1l. A vertical ‘pole stands on a horizontal plane. If the pole is 
7 {t. and its shadow 15 ft. long what is the altitude of the sun ? 

12. What angle does a vertical tower of height 60 ft. subtend at a 
point which is distant 37 ft. from the tower and which lies in the 
horizontal plane through the base of the tower ? 

13. A vertical pole 17 ft. long stands on a horizontal plane ; find the 
length of the pole’s shadow, the altitude of the sun being 57°. 

14. A, B, C are three points in a horizontal plane, B being north of 
A. Determine the bearing of C as seen from A, if AB: BC:CA 
=5 212: 13: 

15. A man observes a tower to be due east, but after walking one 
mile due north he finds the tower bears 8.S.H. Find the distances of 
the tower from the two points of observation. 

16. A and B, two points 50 ft. apart, lie on a horizontal line through 
the base of a vertical tower and are on the same side of the tower. If 
the angles of elevation of the top of the tower as viewed from A and 
B are 50° and 30° respectively find the height of the tower. 

17. At a point on the same level as and distant x from the foot of a 
vertical rod, the angle of elevation of the mid-point of the rod is a. 
Show that the height of the rod is 2a tan a. 

18. A tower 180 ft. high has elevation 57° as observed from a point 
on the same level as the base of the tower ; determine the elevation as 
viewed from a second point on the same level but 50 yds. farther from 
the tower. 

19. From the ends of a straight horizontal road, one mile long, a 
balloon vertically over the road is observed to have elevations 63° and 
27° respectively. Find the height of the balloon above the level of the 
road. 

20. A bears 30° east of south of B, and is 160 miles from B, while 
B is 40 miles east of C. Determine the bearing of the line AC. 

21. In the quadrilateral ABCD the angles A and B are right angles. 
Vind the size of the acute angle between AB and CD, if the sides AB, 
BC, and DA are respectively 10, 12-3, and 2:4 ins. long. 

22. A vertical rod stands on a horizontal plane, the shadow of the 
rod being 18 ft. long when the sun has altitude 43°. Determine the 
length of the shadow when the sun’s altitude is 32°. 

23. Find, to the nearest degree, the sizes of the angles of a triangle 
whose sides are respectively 4, 4, and 3 ins. long. 

24. A vertical tower subtends angles of 70° and 80° respectively at 
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two points in the horizontal plane through its base. If one of the 
points is 20 ft. farther from the tower than the other is, determine, tc 
the nearest foot, the height of the tower and the distances of its top 
from the 'two points. 

25. In A ABC, C=90° and CD, perpendicular to AB, meets AB in 
D; show that CD =a cos A=b cos B. 

26. In A ABC, AD, perpendicular to BC, meets BC in D; show that 
AD =6 sin C =c sin B, and hence that ie pas 

sin sin C 

27. A vertical rod stands on a horizontal plane ; compare the length 
of its shadow when the sun’s altitude is 59° with that when the sun 
has altitude 27°. 

28. Krom a lighthouse a ship one mile distant is observed to have 
angle of depression 3°, while a balloon vertically over the ship is observed 
to have angle of elevation 48°. Find the height of the balloon above 
sea-level. 

29. '[wo vertical towers standing on a horizontal plane are 100 yds. 
apart; at the top of one which is 80 ft. high the other subtends an 
angle of 30°. Find, to the nearest foot, the height of the other tower. 

30. From a ship at sea the angle of elevation of a balloon is observed 
to be 51° 32’, while from an airship vertically over the ship and 1000 ft. 
above it the balloon is observed to have elevation 8° 54’. Find the 
height of the balloon. 

31. A vertical rod standing on a horizontal plane casts a shadow 
23 {t. long when the sun’s altitude is 837°. Determine the sun’s altitude 
when the shadow is 43 ft. long. 

32. From a ship sailing due north a lighthouse is observed to bear 
N.E. Later, when the ship is two miles from the lighthouse, tne latter 
bears S.S.E. Iind the distance of the lighthouse from the first point 
of observation. 

33. One ship is due east of another and one mile from it; the ships 
bear N.W. and N.W. by N. respectively, as observed from a coast- 
guard station. Determine the distances of the ships from the point of 
observation. 
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$17. Top GRAPH OF AN EQUATION 

Consider the equation y=sin x°. All points whose coordinates, 
x and y, with reference to a chosen pair of axes, satisfy the equation 
y=sin a° lie on a curve called ‘ the graph of the equation y=sin x°’ ; 
the equation is referred to as ‘ the equatiow of the graph.’ 


Note 1. Sometimes the equation is said to be ‘ represented’ by 
the graph, while the graph is said to be ‘ given’ by the equation. 

Note 2. The graphs of some equations consist of a number of 
curves ; see §§ 20, 21. 

Note 2. To draw the graph of a given equation we plot a number 
of points whose coordinates satisfy the given equation, and then 
draw the curve or curves suggested by the manner in which the 
points are arranged ; see § 18. 


§ 18. THe GRAPH or THE EQUATION y =sin 2° 

If x is given any value the corresponding value of y can be obtained 
from the table of sines. A series of such pairs of corresponding 
values of x and y are entered in the following table, the values of y 
being given to two decimal places. 


30 
0-50 


60 
0:87 


90 
1-00 


120|150}180] 210 
0-87|0-50|0-00} — 0-50 


240 
— 0°87 


—30] 0 
— 0°50}0-00 


270 | 300 | 330 |360 
— 1:00} — 0-87} — 0-50/0-00 


oD 390] 420 


0:50/0.87 


y 


Since the values of x are large numerically compared with those of 
y, it is convenient to make the unit on the «-axis small compared 
with that on the y-axis. For this reason, in Fig. 43, 1 in. on the x-axis 
represents 90, while 1 in. on the y-axis represents unity. 

The crosses in Fig. 43 indicate the points whose coordinates are 
given in the table. The curve which is drawn through these points is 
therefore the graph of the equation y=sin x°. 
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Note 1. Since sin (360° + x°) =sin x° for all values of x, the graph 
of the equation y =sin 2° for the range 7 =360 to x =720 is a curve 
identically equal to the graph for the range x=0 to x=360, and 
the complete graph of the equation y =sin x° is an unending curve 
consisting of an infinite number of parts each identically equal to 
the curve for the range x =0 to z =360. 


Note 2. From that part of the graph which is shown in Fig. 43 
the sines of all angles which lie between —30° and +420° can 
be determined approximately ; ¢.g., to determine sin 288°, draw 
the ordinate PQ corresponding to x=288; by measurement 
PQ =0:95 in., .. sin 288° = —0-95. 


Note 3. 

As x increases from 0to 90, sin z° increasesfrom Oto 1. 
#3 > 90 to 180, ,, decreases ,, lto 0. 
a a 180 to 270, 4, decreases ,, Oto -1. 
iN i. 270 to 360, ,, increases ,, -lto 0. 


The value of sin x° goes through a complete series of changes as 
x varies from 0 to 360; further increase of the value of x merely 
repeats these changes in the value of sina®. For this reason 
sin a is called a ‘ periodiv’ function of x, the ‘ period’ being 360° ; 
using circular measure, we say that sin @ is a periodic function of 
6, the period being 27. 

Note 4. As the graph does not change in type according to the 
unit of angle chosen, it is customary to omit the degree sign in 
the equation y=sin x°, and to refer to the graph as that of the 
equation y =sin x, or simply as the graph of sin 2. 


§ 19. THe GRAPH OF THE EQUATION y=cos x 


From the table of cosines we obtain the following pairs of corre- 
sponding values of x and y: 


360° 390°| 420° 
1-00} 0°87} 0-50 


! 
0° | 30°| 60° 
1-00)0-87)0-50 


E - 30° 
E 0:87 


90°} 120° | 150° | 180° | 210° | 240° |270°)300°|330° 
0-00} — 0:50} — 0-87] — 1-00} — 0-87] — 0-50} 0-00} 0-50] 0:87 


Taking 1 in. on the x-axis to represent 90°, and 1 in. on the y-axis 
to represent unity, we obtain the graph shown in Fig. 44. 


Note 1. The complete graph of y+cos x is an unending curve 
consisting of an infinite number of parts each identically equal to 
that for the range 7 =0° to x =360°. 
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Note 2. 
As x increases from 0° to 90°, cos x decreases from Ito 0. 
- ss 90° to 180°, ,, decreases ,, Oto -1. 
as es USO zetor2 70s eee sueincreasess 5 5 Ato! 0: 
~ 5, 270° to 360°, ,, increases ,, Oto TE 


cos x is a periodic function of 2, and its period is 360°; using 
circular measure, cos @ is a periodic function of 0, the period being 
20. 


§ 20. THe GRAPH OF THE EQUATION y=tan x 


x| 0° | 30° | 60° | 90°} 120° | 150° | 180° | 210° | 240° | 270°} 800° | 330° | 360° 
y| 0-00} 0-58 | 1-73 | «© |—1-73 |—0-58| 0-00 | 0-58] 1-73) o |-1-73|-—0-58]| 0:00 


Note 1. If x isa little less than 90°, tan « is very large and positive, 
and as x approaches the value 90°, tan z tends to become +« ; 
if x is a little greater than 90°, tan x is large numerically but 
negative, and if x approaches the value 90°, tan a tends to the 
value -—o. Thus the graph of y=tana must approach the 
ordinate x =90° as shown in Fig. 45. In the same way the manner 
in which the graph approaches the ordinate x =270° is determined. 

Note 2. The complete graph of y=tan x consists of an infinite 
number of curves, each identically equal to that for the range 
x= -90° to z=+4 90°, or x=90° to x=270°. 


Note 3. 
As x increases from 0° to 90°, tan x increases from 0 too. 
¥ 90° to 180°, * a —o to 0. 
s s 180° to 270°, Ss fs 0 too. 
a 5 270° to 360°, 75 as = to 0) 


tan 0 is a periodic function of 0, and has period r. 


§ 21. Tur GRAPHS OF cosec a, sec %, AND cot x 
Note 1. The student should verify the manner in which the 
graphs of cosec x, sec x, and cot x (Iigs. 46, 47, 48, respectively) 
approach infinity, and should observe the variations in the values 
of these functions as x increases from 0° to 360°. 
Note 2. The functions cosec #, sec @, and cot@ are periodic 
functions of 6, and have periods 27, 27, and 7 respectively. 


§ 22. The examples on pages 67 and 70 concern the graphs of some 
equations involving circular functions, and show how such graphs 
may be utilized. 
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Example 1. Draw the graphs of y=sin# and y =cos (a —30°) 
from 2 =40° to #=90°, choosing 1 in. on the #-axis to represent 
10°, and 5 in. on the y-axis to represent unity. Hence determine 
a solution of the equation sin « =cos (a —30°), 


| u 40° 50° 60° 70° 80° 90° 


sin @ ° - | 0-643 0-766 | 0-866 | 0-940 | 0-985 | 1-000 


cos (~7-30°) . | 0: 985 0-940 | 0-866 | 0-766 | 0-643 | 0-500 


At A (Fig. 49), the point in which the curves intersect, « is 
seen from the figure to have the value 60°. Therefore, when « =60°, 
sin # =cos (x —30°); 7.e. 2=60° is a solution of the equation 
sin z =cos (x — 30°). 


Note 1. Since the range of variation of x is from « =40° to « =90° 
the origin has been chosen as the point on the a-axis at which 
x =40°.. In the same way the origin has been chosen as the point 
on the y-axis at which y =0°5 

Note 2. Since 5 in. on the y-axis represents unity the values of 
sin # and cos (a —30°) have been taken to three decimal places : 
on subtracting 0-500 from these values and multiplying the 
remainders by 5, the Jengths in inches of the different ordinates 
were obtained correct to two decimal places, an accuracy con- 
venient in plotting points. 


Kzample 2. Taking 1 in. on the x-axis to represent 10°, and 1 in. 
on the y-axis to represent unity, draw the graphs of y=cos a 
and y =tan 2x for the range a =0° to « =35°, and hence determine 
a solution of the equation tan 2x =cos a. 


a o |» 15° 20° 25° | 30° | 85° 
cosa .| 1-00 | 1 00 | 0-98 | 0-97} 0-94 | 0-91 | 0-87 | 0-82 
ane. | 0-00 [6 18 | 0-36 ib 0-58 | 04 | 119 | 1-73 | 2-75 


At A (Fig. 50), the point in which the curves intersect, « =21}° 
“. 2=21}° is a solution of the equation tan 2% =cos g, 
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Example 3. Determine graphically how many roots of the 
equation sin 37 =2 tan x are greater than 0° bui less than 180°. 


x 0° 10%} 202 193095) 740% 15502.) 602 70° 80° 90° 
sin 8@ | 0-00] 0-50} 0-87] 1-00} 0:87] 0-50} 0-00} —0-50 | —0-87 | —1-00 
2 tan x | 0:00} 0°85] 0-73] 1-15] 1:68} 2:38] 3:46] 5-49 11°34 i) 


| 
Ps 100° | 110¢ | 120° | 130° | 140° | 156° | 160° | 170° | 180° 
sin3z . |— 0-87|—0-50| 0-00| 0-50] 0:87| 1-00] 0-87| 0-50] 0-00 
2tanz |—11-34| —5-49| —3-46| —2-38| —1-68| -1-15| —0-73|-0-35| 0-00 


In the preceding table we have entered corresponding values of 
x, sin 3x, and 2 tan zw, and by means of these values have drawn 
(Fig. 51) the graphs of y=sin 3x and y=2tanz. These graphs 
intersect in only one point lying between the ordinates x =0° and 
x=180°, and .*. the equation sin 3%=2 tana has only one. root 
which is greater than 0° but less than 180°. 

Note. In Fig. 51 we have omitted to plot some points which lie 
on the graph of y=2 tana and whose coordinates are given in 
the table. These points, having numerically large ordinates, do 
not lie on those portions of the 2 tan x curve which are close to 
the sin 3x curve, and hence are not required in determining the 
intersection of these curves. 


Hxample 4. Solve graphically the equation 
cot x =10 (sin x —cos 2), 
giving solutions between 10° and 60°. 


£ 10° | 20° 30° 
CON 5 . 5-67 2-75 1-73 
10 Siniaas : 1-736] 3-420} 5-000 
10 cosa. : 9-848} 9-397] 8-660 
10 (sin x—cos x) |-8-11 |-5-98 | -—3-66 


In Fig. 52 the graphs of y=cot x and y=10 (sin x —cos x) are 
drawn. At A, the only point in which these graphs intersect, 
%=483°, and .. ~=484° is the only solution of the equation 
cot x =10 (sin x —cos x), lying between 10° and 60°. 
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EXERCISES 


1. Draw the graphs of y=sinz and y=cos x from x=0° to x =60°, 
choosing | in. on the x-axis to represent 10°, and 5 in. on the y-axis to 
represent unity, and hence determine a solution of the equation 
sin x =cos x, lying between 0° and 60°. 

2. Taking 1 in. on the x-axis to represent 10°, and 4 in. on the y-axis 
to represent unity, draw the graphs of y=sin 2% and y=tanx from 
x=0° tox=60°. Hence find that value of x, lying between 0° and 60°, 
for which sin 2% =tan 2. 

3. Choosing 1 in. on the x-axis to represent 10°, and 5 in. on the 
y-axis to represent unity, draw the graph of y=tan?a from 2=0° 
to ~=45°. Using the same axes, draw the graph of y=cos 2, and thus 
determine a solution of the equation tan? z=cos x, lying between 0° 
and 45°. 

4, Taking 1 in. on the x-axis to represent 20° and 10 in. as unit on 
the y-axis, draw the graph of y=sin x+cos az from x=0° to 7=90°, 
and hence determine two solutions of the equation sin x+ cos x =1-2, 
lying between 0° and 90°. 

5. Letting 1 in. on the w-axis represent 10 and on the y-axis 20 
units, draw the graphs of y=x+20 and y=100 cos 2° from x=0 to 
x =60; hence determine a solution of the equation 7+ 20 =100 cos 2°. 

6. Draw the graphs of y =tan (x+ 120°) and y= —sin x from x =240° 
to x=3800°, choosing 1 in. on the z-axis to represent 10°, and 
4 in. on the y-axis to represent unity, and thus solve the equation 
tan (#+120°)+ sin « =0 for values of x lying between 240° and 300°. 

7. Draw the graphs of y=tan x and y=cos x for the range x =0° to 
x =60°, and thus solve the equation tan x=cos x for values of a lying 
between 0° and 60°. 

8. By drawing the graphs of y=cosec x and y=3 tan x determine 
to the nearest degree a value of x between 0° and 45°, such that 
cosec x =3 tan x. 

9. Draw the graphs of y=tan 2 and y =2 sin x from x =0° to x =60°, 
and hence determine whether there is a value of a, within the range 
2 =0° to « =60°, which satisfies the equation tan x =2 sin x. 

10. Draw the graphs of cosx and sin? for the range x=30° to 
x=90°, and hence determine a value of x, lying between 30° and 90°, 
for which sin? x =cos x. 

11. Draw the graph of y =5000 cos 2° from «=40 to x=80. Using 
the same axes, draw the graph of y=2?, and hence solve the equation 
az? =5000 cos x° for values of x lying between 40 and 80, 
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12. Draw the graphs of y=cos 3a and y=sin 2a —0:37 from x =0° 
to x =45°, and thus solve the equation sin 2x —cos 3x =0-37 for values 
of « lying between 0° and 45°. 

13. Determine graphically the two values of x, lying between 0° and 
90°, for which sin + cos 7=1:32. Verify that and explain why these 
two values are complementary. 

14. Draw the graphs of y =sec « and y =2 cot x for the range 7 =40° 
to «=60°, and hence solve the equation sin x =2 cos? x for values of 
x lying between 40° and 60°. 

15. Solve graphically, for values of x lying between 45° and 90°, the 
equation tan x —sin x =10 cos a. 

16. Solve graphically the equation sin 2x=cos 2x, giving solution 
between 0° and 45°. 

17. Solve graphically the equation tan 2x =8 cos? x, giving solutions 
between 0° and 45°. 

18. Determine graphically a value of x, lying between 45° and 75°, 
for which 2 tan? x =tan +3. 

19. Find graphically an acute angle @ which satisfies the equation 
sin? 6=3 sin @-1. 

20. Solve graphically the equation sin 2(%-—30°)=cos x-1 for the 
range x =0° to x =45°. 

21. Determine graphically an obtuse angle ¢ such that 

sin ($+45°) =tan (# 30°). 

22. Find graphically a value of x lying between -45 and zero, 

such that x? =2000 tan (7° + 30°). 


23. Show that there are two values of 6, lying between 5 and aT, 


which satisfy the equation sin z=ten A. 


24. Determine graphically the angle @ radians, lying between 0 and 
a, such that 0 =2 sin 0. 

25. Draw the graphs of y=cos 0 and y?=0 7 6 radians being an 
acute angle, and so determine a solution of the equation 6 (4 — cos? 0) =z. 


The following exercises may be attempted at this stage by students 
familiar with logarithms; others may delay their attempt until they 
have completed Chapter XI. 


26. Determine a value of 2, lying between 10° and 60°, for which 
sin (7 — 60°) =log cos a. 
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27. Solve graphically, giving solutions between 10° and 70°, the 
equation cos « =1+ log tan a. 

28. Find the value of x, lying between 10° and 60°, which satisfies the 
equation sin x =10sin (10-2), 

29. For what value of 2 greater than 10 but less than 60 is 
log x? =2 tan 2°+1? 

30. Solve the equation # =10'!*8* for values of x lying between 10 
and 60, 


CHAPTER VIII 
CIRCULAR FUNCTIONS OF COMPOUND ANGLES 


$23. CrrcuLAR FuNcTIONS OF THE SUM AND DIFFERENCE OF Two ANGLES 
Theorem I. To prove (i) sin(A+B)=sin A cos B+ cos A sin B. 
(ii) cos (A+ B)=cos A cos B—sin Asin B. 


xl 


O N Q 
Fie. 53 
Let theacute angle XOA= A (Fig. 53), and let the acute angle AOB = B 
Then XOB= angle (A+B) ; let this angle also be acute. 


From P, any point on OB, draw PM, PN perpendicular to OA, OX 
respectively ; draw nae MR Perpeaiicalas to OX, NP respectively. 


Then, since ONP= oMP, O, P, M, ae N are concyclic 
.NPM= NOM, 1.€. ah 


and (i) sin (A+B)=NP 


QM OM RP MP 
=OM * OP 'MP’ oP 
=sin Acos 8+cos Asin B. 
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a ON 
i) cos (A = 
(ii) cos (A+B)=55 


OQ OM RM MP 
OM’ OP MP OP 

=cos A cos B—sin Asin B. 

) sin (A—B)=sin A cos B—cos A sin B. 


Theorem II. To prove (i 
(li) cos (A— B)=cos A cos B+sin A sin B. 


O Q INGE 
Fie. 54 


Let the acute angle XOA = A (Fig. 54), and let the acute angle AOB = B. 


A A A 
Then XOB=angle (A— 8B); since A is taken greater than B, angle 
(A-—B) is also acute. 
From P, any point on OB, draw PM, PN perpendicular to OA, OX 
respectively ; draw MQ, MR perpendicular to OX, NP respectively. 
AL A 
Then, since ONP=OMP=90°, O, N, P, and M are concyclic 
A A 
. RPM=NOM, i.e.=A, 
tie NP 
and (i) sin (A-B)=6p 
oes 
OP 
_QM OM PR MP 
OM’ OP MP’ OP 
=sin A cos B—cos A sin B. 
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(ii) cos (A-- B) ==— 
_0Q OM MR MP 


~ OM’ OP ' MP‘ OP 
=cos Acos B+sin Asin B. 


Note 1. The preceding four relations, commonly called addition 
formule, are true for all sizes of angles A and B, positive or 
negative. We shall make use of this fact, but shall not prove it 
here ; the proof will be found in the Appendix. 

Note 2. As an example of the proof of these relations when the 
angles are not all acute, we give the following proof of the relation 
cos (A+B) =cos A cos B—sin Asin B, when A and B are acute 
but angle (A+B) is obtuse. 


The construction is the same as in Theorem I. 
RPM (Fig. 55) is equal to A, and 
N 
P 
_0Q-NQ 
sae 
_0Q OM, RM MP 
OM ~ OP MP~ OP 
=cos A cos B —sin A sin B. 
Note 3. The identities of Theorems I and II, viz., 
sin (A+B) =sin A cos B+cos A sin B 
sin (A —B)=sin A cos B —-cos Asin B 
cos (A+B) =cos A cos B -sin A sin B 
cos (A —-B) =cos A cos B+sin A sin B 
must be memorized. The student may observe that 
(1) associated with the sine of a sum or difference we have terms 
containing both a sine and a cosine, while associated with the 


cos (A+ B)=5 
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cosine of a sum or difference we have terms containing sines only 
or cosines only. 

(ii) in the case of the sine of a sum or difference we have like 
signs, while in the case of the cosine of a sum or difference we have 
unlike signs in the identities. 


. tan A+ tan B 
Theorem III. To prove (i) tan(A+ =) beat mer ty eee re 
ae tan A—tan B 
Oa Doe) 1+tan A tan B’ 
: _ sin (A+B) 
(i) tan (A+ Baa (A+B) 


_ sin Acos B+cos Asin B 
~ eos Acos B—sin Asin B 
_ tan A+tan B 
~ I—tan A tan B 
on dividing numerator and denominator by cos A cos B. 
3 sin (A—B) 
(ii) tan (A — B) = eer AB) (A—B) 
__ sin A cos B—cos Asin B 
~ cos A cos B+sin Asin B 
_ tan A—tanB 
~ I+tan A tan B 
on dividing numerator and denominator by cos A cos B. 
Note. Since Theorems I and II are true for all values of A and 
B, Theorem III is also true for all values of A and B. 


Example 1. Using the formule of § 23, show that 
cosec (270° — A)= —sec A. 


coseo (270° — A) = pa07 =A) 
1 


sin 270° cos A — cos 270° sin A 
— rR (sin 270° = — 1 and cos 270° =0) 
= -sec A. 
Example 2. Show that in any triangle ABC 
sin 2A+ sin 2B cos 2C+ cos 2B sin 2C =0. 
sin 2A+ sin 2B cos 2C + cos 2B sin 2C 
=sin 2A + sin (2B+2C) 
=sin 2A+ sin (360° —-2A) 
=sin 2A -sin 2A 
=0. 
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Haample 3. Prove that 
sin (A+B+C)=sin A cos B cos C+sin B cos C cos A 
+sin C cos A cos B -sin A sin B sin C 
in (A+B+C)=sin (A+B A+B+C) 
=sin A+B cos C+cos A+B sin C 
=(sin A cos B+ cos A sin B) cos C 
+(cos A cos B -sin A sin B) sin C 
=sin A cos B cos C+sin B cos C cos A 
+sin C cos A cos B -sin A sin B sin C. 


Note. In Example 3 the sine of (A+B+C) is first expressed in 
terms of the circular functions of the angles A+B and C; the 


circular functions of the angle A+B are then expressed in terms 
of those of the angles A and B. This process is a useful one and 
should be remembered. 


EXERCISES 
1. Using the formute of § 23, prove that 
(i) sin (90° —- A) =cos A. (vi) sec (360° —- A) =sec A. 
(ii) cos (90° — A) =sin A. (vii) cosec (90°+ A) =sec A. 
(iii) sin (90°+ A) =cos A. (viii) cos (360° — A) =cos A. 
(iv) sin (270° — A) = -cos A. (ix) tan (270° — A) =cot A. 
(v) cos (270°+ A) =sin A. (x) cot (180°+ A)=cot A, 


2. Prove the identities 


(i) sin (A + 45°) = 3 (sin A+ cos A). 
(ii) sin (A — 45°) =i (sin A -cos A), 


(iii) 2 sin (A+ 30°) =+/3 sin A+ cos A. 
(iv) 2 cos (047) =cos 6-1/3 sin 6. 
F T1 
(v) sin (04 Tm) = 75 (sin 0 —cos 6). 


(vi) 2 cos (0+ r) = /3 sin 6 - cos 6. 


re 1+tan A 
FA) ee 
(vii) tan (A+ 45 aa = taneA 
*) _ tan 6+1 
enya (0 Pk) © tana 
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3. By expressing 15° as (45° - 30°) and 75° as (45° + 30°), show that 


/3-1 V3+1 
iyisine lS a —, (8? = 
(i) 2/3 (iv) sin n/3 
(ii) cos 15° = io (v) cos 7 VS 
(iii) tan 15° =2 -+/3. (vi) tan 75° =24 +/3. 


4. Show that in any triangle ABC 


(i) sn A =sin B cos C+ cos B sin C. 
(11) cos , =sin B sin C -cos B cos C, 


(iii) sin > 008 zs cos c —sin > sin & 
2 2 2 2 2 
(iv) cos A =sin E cos wen cos > sin e 
2 2 2 2 2 
1 -tan B tan c 
(v) tan == z 2 
- tan ae tan © 
2 2 
(vi) tan A+ tan B+tan C =tan A tan B tan CG. 
Prove that 
5. tan A+tan B =sin (A+ B)/cos A cos B. 
6. tan A —tan B =sin (A - B)/cos A cos B. 
7. cot A+cot B =sin (A+ B)/sin A sin B. 
8. cot B —cot A =sin (A - B)/sin A sin B. 
9. tan a+ cot 8 =cos (a —8)/cos a sin B. 
10. cot 6 —tan a =cos (a+ )/cos a sin 8. 
sin(@-¢) tané@—-tang — cot ¢—cot 9 
tyoeee (0+¢) l-tané@tan¢ cot ¢cota-V 
sin sin (0+ 9) ¢) tané+tang cot %+cot¢ 
ee cos (9-) I+tandtang 1l+cotdcot¢ 
13. sin (A+B) sin (A -B) =sin® A - sin? B =cos’ B - cos? A, 
( 


14. cos (A+B) cos (A — B) =cos’ A —sin? B =cos? B - sin? A. 
15. sin (A+B) cos (A —- B) =sin A cos A+sin B cos B. 

oe cos (A+B) sin (A — B) =sin A cos A —sin B cos B. 

in (0+ ¢) cos ¢ —cos (0+ ¢) sin ¢ =sin 4. 


18. sin aC -6) cos Ge 0) + cos e -2) sin ee a) =, 


19. sin (a —8) =cos ¢ - a) cos 8 —sin G - «) sin B, 
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tan 2a —tan a 
1+ tan 20 tana 
21. sin (w+y)+sin (x —y) =2 sin x cos y. 
22. cos (x —y) —cos (vx+y) =2 sin & sin y. 
23. tan y+ tan (# —y) =tan x {1 -tan y tan (x -y)}. 
24. tan (A -B)= —tan {(B —C)+(C —A)! and hence 
tan (A —-B)+tan (B —-C)+tan (C —- A) 
=tan (A - B) tan (B —-C) tan (C - A). 
25. cos (A+ B+C)=cos A cos B cos C —-cos A sin B sin C 
—cos B sin C sin A -cos C sin A sin B. 
tan A+tan B+tan C -tan A tan B tan C 
ribo on eSrP NS) <i) —tan B tan C —tan C tan A —tan A tan B’ 
cot A cot B cot C —cot A —cot B —cot C 
cot B cot C+ cot C cot A+cot A cot B-1 


20. tan a= 


27. cot (A+B+C)= 


28. In triangle ABC, AD is perpendicular to BC; if AD, BD, 
DC are respectively 2 in., 4 in., 1 in. long, show that tan BAC =e 


and that BAC =O0%. 
29. Using Exercise 26, show that in any triangle ABC 
tan A+ tan B+ tan C =tan A tan B tan C. 
30. Using Exercise 27, show that, if A+B+C=90°, 
cot A+ cot B+ cot C =cot A cot B cot C. 
31. Show that, if A+ B+C=180°, 
cot B cot C+ cot C cot A+ cot A cot B=1. 
32. Show that, if A+B+C=90°, 
tan B tan C+ tan C tan A+ tan A tan B=]. 


33. Show that, if a+, =7) cot a —cota tan 6 -tanf=1. 


§ 24. Crrcutar Functions or MuLtreLe ANGLES 
To prove (i) sin2A=2sin A cos A. 
(ii) cos 2A =cos? A —-sin? A=2 cos? A -1=1-2sin? A, 
Adc 2tan A 
(iii) tan 2A = TSA’ 
(i) sin 2A =sin (A+ A) 
=sin A cos A+cos Asin A (by Th. I, § 23) 
=2 sin A cos A. 
(ii) cos 2A =cos (A+ A) 
=cos A cos A -sin A sin A (by Th. I, § 23) 
=cos? A -sin? A 
But cos? A —sin? A =cos? A —(1 -cos? A) =2 cos? A -i 
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and cos? A -sin? A =(1 -sin? A) -sin? A=1-2sin?A 
. Cos 2A =cos? A -sin®? A=2 cos? A-1=1-2sin? A. 
(iii) tan 2A =tan (A+ A) 
_ tan A+tan A 
l-tan AtanA 
_ 2tanA 
T-tan? A’ 
Note 1. Since the relations of Theorems I and ITT, § 23, are true 
for all values of A and B, the relations (i) (ii) (iii) of § 24 are true for 


(by Th. IIT, § 23) 


0 0 
5 COS =. 


all values of A; e.g., letting A =) we have by (i) sin @=2 sin 9 08 5 


Note 2. From (ii) we have 


cos? A = Lt 008 2A. 
2 
sin? A= 1 —cos 2A = 24 


These relations are often useful and should be remembered. 


§ 25. Crrcutar Functions or Muitrete ANGLES—continued 
When the angle 2A is acute the formule of § 24 admit of the 
following simple geometrical proof : 


. 


A 


ZA BN 


A © bp 8 
Fie. 56 


Let O (Fig. 56) be the mid-point of the line AB ; on AB as diameter 
A 
construct a semicircle and let BOC=2A. Join AC, CB and draw 
CD perpendicular to AB. 
A A A 
Then BAC =}80C =A; also DCB =90° - ACD =DAC=A 
DC 


and (i) sin 2A OG 


=2sin Acos A. 
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A 


ZA ha 
A (or Me, B 
Fia. 56 
D OD 
(ii) cos 2A =66 cos 2A=66 
_20D _AD -AO 
20C mac AO 
_AD-DB AD , 
AB ~ AO 
AD AC _DB CB =yAD 4 
AC’ AB CB‘ AB ~“ AB 
=Ccos? A -sin? A. —gAD AC _ 
—wACG SAL 
=2 cos? A —1. 
OD 
cos 2A=66 
OB -DB 
OB 
DB 
DB CB 
Se GHisAn 
=1-2sin°? A 
(iii) tan 2A =p 
__ 2b¢ 
AD —-DB 
DC 
TeaD 
“SDB 


1 
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§ 26. CrrcuLtaR Functions or MULTIPLE ANGLES—continued 


ans 2tan A 
To prove (i) sin 2A = meas 
rm 1 -tan? A 
a a Ts tanta 


(i) sin 2A =2 sin Acos A 
_ 2sin AcosA 
~ cos? A+sin? A 
_ 2tan A (on dividing numerator and 
~I+tan2 A denominator by cos? A), 
(ii) cos 2A =cos? A —sin? A 
_ cos? A -sin? A 
~ cos? A+sin? A 
_1-tan*® A (on dividing numerator and 
~ 1+tan? A denominator by cos? A). 


Note. Since the formule of § 24 are true for all values of A, 
those of § 26 also are true for all values of A. 


§ 27. CrrcutaR Functions or MuutipLe AncaLEes—continued 
To prove (i) sm 3A=3sin A -4sin’ A. 
(ii) cos 3A =4 cos* A —-3 cos A. 
3 tan A —tan? A 
1-3tan?A 
(i) sin 8A =sin (A+ 2A) 
=sin A cos 2A+cos Asin 2A 
=sin A (1 —2 sin? A)+cos A.2sin AcosA 
=sin A —2 sin? A+ 2 sin A(1 —sin? A) 
‘ =3sin A -4sin? A. 
(ii) cos 3A =cos (A+ 2A) 
=cos A cos 2A ~-sin Asin 2A 
=cos A(2 cos? A -1)-sin A.2sin Acos A 
=2 cos? A —cos A —2 cos A(1 — cos? A) 
=4 cos? A -3 cos A. 


(ili) tan 3A 
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(iii) tan 3A =tan (A+2A) 
_ tan A+tan 2A 
i tanAttan 2A 


2tan A 
tan es Gea G| ant A 
“A 2tan A 
1—tan Near ak 


_tan A -tan? A+2tan A 
~  1-tan? A —2 tan? A 
_3tan A-tan? A 
Se las tan Awe 


Note 1. The circular functions of 3A are first expressed in 
terms of those of A and 2A, the circular functions of 2A are 
then expressed in terms of those of A. (Compare § 23, Example 3.) 

Note 2. These formule are true for all values of A, since the 
formule of §§ 23 and 24 are true for.all values of A. 


Example 1. Prove that 
cos‘ 6 —sin* 6 =cos 20. 
cos‘ @ — sin‘ 0 =(cos® 6+ sin? )(cos? @ — sin? 6) 
=1 xcos 20. 
=cos 20. 


Example 2. Prove that 


a re a 
cos at sin = 
=sec a+ tana. 

a ° 
cos = —sin . 
2, 


a é 
cos 5 — sim 


> 
a Ae 8A a cee. 
cos ~+ sin D (cos + sin 3 (cos gt sin 
a 
2 2 


a 
9 3 
a 5 a 
| (os Meier n 5) (cos 5+ sin 5) 


so 4 sin? e492 os = sin 
2 OMe eet) 


/ =— en 


a 5 a 
cos? ~ — sin? — 
2 2 


1+sin a 
~~ cosa 


—_ 5 


] sin a 

-E eee 

cosa cosa 
=sec a+ tana, 
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Hxample 3. Prove that 
cos 3A+sin 3A =(cos A —sin A)(1+2 sin 2A). 
cos 3A+sin 3A =4 cos? A -3 cos A+3 sin A-—4 sin? A 

=4 (cos* A —sin® A) —3 (cos A -sin A) 

(cos A —sin A) {4(cos* A+ cos A sin A+ sin? A) - 3} 
(cos m —sin A){4(1+cos A sin A) —3} 
(cos A —sin A)(1+4 cos A sin A) 
(cos A —sin A)(1+2 sin 2A). 


EHxample 4. Prove that sin 18° = viel y 


sin 36° =cos ee ~ 36°) 
=cos 54° 
.*, 2 sin 18° cos 18° =4 cos? 18° —3 cos 18° 
*, 2 sin 18° =4 cos? 18° -3 , 
=4 (1 -sin? 18°) -3 
.°. 4 sin? 18°+ 2 sin 18° -1=0 


Re Aes 
ed a or Torres 


The second of these expressions is inadmissible, since sin 18° is 
positive 


whence sin 18° = 


*. sin 18° Hees u 


Example 5. Tix =asin 0, y =6 sin 36, show that a’y =ba(3a? — 42"), 
sin 340 =3 sin 6 —4 sin’ 6 


« ¥ 9% _4(%)° 
BO es 4(*) 


=“ 3a? — 42:7) 
2%. ay =ba(3a? — 4x7), 


EXERCISES 
Prove that 


Wen ro sin Orin a -0). 


. cos 29 =cos? ? — cos? G - 0). 


. (sin A +cos A)?=1+sin 2A. 
. (sin A -cos A)? =1 -sin 2A. 
. (cos 0+sin ?)(cos 6 — sin 0) = cos 28, 


oOo £ O bO 
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6. cos x —sin 2a sin # =cos x cos Zax. 
7. cos 2A+cos A=(2 cos A -1)(1+ cos A), 
.. 40 eon PAP 
8. 2 sin 5 cos 5 7 8in " 
67 = 5 AT s 30 
7 =cos 7 — sin 7 
10. cos = =2 cos? e —l=] -2 sin? 7 
sin 2A 
1l+cos 2A 
2 (sin a+ cos a) 
sin 2a y 
13. sec? a+ cosec? a =4 cosec? 2a. 
14. cot A —tan A =2 cot 2A. 
15. cot A+tan A =2 cosec 2A. 
16. 2 cosec 2a =cosec x sec x 


9. cos 


ll. tan A= 


12. sec a+cosec a = 


cot A-tan A 
17. cos La say eG 
cot? a+1 
18. sec rama es aah 
_ cot? 6+] 
19. cosec 26 = Sashe 
= - : 2 cos A sec 2 
Sos A—sin A .c6s ASA A. 


1 1 
*“T-tan A I+tan na 2A. 
tan A tan A 

os sal = ° 
eee ean l+tanA 
23. sin 40 =4 sin 0 cos 0 cos 20. 
24. cos 4A =1 —8 sin? A cos? A, 
cosA-sin A cos2A 


= cos A+sinA 1+sin 2A’ 
wo (Sa) 82h, 
27. tan (A450) -SB 2A} 
28. os =tan® 5. 


29. cos 40 =(cos 20+ sin 20)(cos? 6 — 2 sin,@ cos 6 —sin? 0), 


Bie 
30. cot 2¢ Serre 
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l+sin2A__, 


a T+cos2A 2 


(1+ tan A)? 
32. sin 2a+2 sin a =4 sin a cos? 5 


, AL a-ANS 
33. sin 2A+2 cos A=2 cos A(cos g + sin 3) A 


34 1 —cos 2A _ 2, 
" ]-sin 2A (cot A-1)? 
35. cosec 20 =cot @ — cot 20. 
sin 40+ sin 20 
Ts Es EV eg | 


37. (1+ tan A)(1+ cot A) =2(1+ cosec 2A). 


A 

A 1 -tan 3 

38. (sec A —1)(cosec A —1) =tan = . ————.. 
2 A 

1+tan 5 


39. cost 0+ cos? # sin 0 — cos 0 sin? 0 —sin‘ @ =cos 20+ } sin 40, 
40. cost 0 — cos? 6 sin + cos @ sin’ 0 — sin‘ 6 =cos 26 —} sin 40, 
41]. (1+sin a)? =$+ 2 sin a —4 cos 2a, 
42. (1 —cos a)? =% -2 cos a+4 cos 2a, 
43. cost a=2+4 cos 2a+} cos 4a. 
44. sinta=%-—4 cos 2a+ ¢ cos 4a. 
sin 2A+cos2A_ 1+2tan A-tan?A 

’ sin2A-cos2A tan? A+2 tan A-l 

sec? 0 cosec? @ 
gee! ~ 2-—sec? 6 cosec? 6-27 
47. cos 4a =8 cos! a —8 cos?a+1=1 —-8 sin? a+8 sin’ a, 

4 tan « —4 tan’ x 
oa ae 1 —6 tan? x+ tan! x 
49. cos® A —sin® A =cos 2A (cos? 2A + ¢ sin? 2A), 
50. cos® A+sin® A =cos? 2A +} sin? 2A. 
sin 20+ cos 0 cos 0 
* cos 20+sind@ 1-sind 
52. sin 3a+sin a =2 sin 2a cos a, 
53. cos a —cos 3a =2 sin 2a sin a, 
54. sin 6a —3 sin 2a =4 sin’ (7 + 2a). 
55. cos 3A —sin 3A =(cos A+sin A)(1 —2 sin 2A). 
56. 2 (sin 34+ sin’ 0) =3 sin 20 cos 0. 
57. 2 (cos? 0 — cos 30) =3 sin 20 sin 0. 
1 il 1 1 

BS. l+cosA 1+sin Aaa -cosA l-sinA 


=32 cos? 2A cosec? 4A. 
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59. sin (A+B) sin (A - B) =} (cos 2B — cos 2A). 

60. cos (A+B) cos (A - B) =4 (cos 2A+ cos 2B). 

61. 2 sin (A+B) cos (A - B) =sin 2A+sin 2B, 

62. 2 cos (A+B) sin (A —- B) =sin 2A —sin 2B. 

6 tan A — 20 tan? A+6 tan? A 

Sn OA inte A+ 15 tant A —tan® A’ 

64. sin 270 =2" sin 0 cos 0 cos 20 cos 40 . . . cos 2"-1 6 where n is any 
positive integer. 

65. cot ¢ —8 cot 8 =tan ¢+ 2 tan 24+ 4 tan 4¢. 

66. cosec 20+ cosec 40+ cosec 80 =cot  — cot 88. 


67. If 6 is acute and cos @ =0:62, show that cos 5 =0:9. 


68. If sin a= and cos a is negative, show that tan 2a= BE 


69. Prove tan 223° =V/2-1. 


Tue 
70. Prove cos 18° AEP, 


71. Prove cos 36° aes a 


V/10 - 2/5 
i é 
73. If «=a cos 20, y=b cos 0, prove that b?x =a(2y? — b*), 


72. Prove sin 36° = 


7] 
74. If «=a tan y Y =6 sin 0, prove that 2abx =y(a?+ 2). 


75. If =a tan ¢, y=b cos 2¢, prove that b(a? - x) =y(a?+ 2?), 

76. If «=p tan a, y =q tan 2a, prove that y(p? — 2?) =2pqa. 

77. If «=a cos 6, y=b cos 39, prove that a’y =bx(4a? — 3a?). 

78. Hf w=a tan 36, y=6 tan 0, prove that ba(b? - 3y*) =ay(3b? — y?), 


CHAPTER Ix 
PRODUCT FORMULA 


§ 28. To prove that (i) 2sin A cos B=sin (A+B)+sin (A —B) 
(ii) 2 cos Asin B =sin (A+B) -sin (A -B) 
(iii) 2 cos A cos B =cos (A+ B)+ cos (A - B) 
(iv) 2 sin A sin B =cos (A -B) -cos(A+B), 
(i) and (ii) Since sin A cos B+ cos A sin B =sin (A+B) 
and sin A cos B -cos A sin B =sin (A -B) 
.. 2sin Acos B =sin (A+B)+sin (A -B) 
and 2 cos A sin B =sin (A+B) —sin (A -B). 
(iii) and (iv) Since cos A cos B -sin A sin B =cos (A+ B) 
and cos Acos B+sin A sin B =cos (A —-B) 
.. 2cos A cos B=cos (A+B)+ cos (A —-B) 
and 2 sin A sin B =cos (A - B) —-cos (A+B). 


Note 1. These relations are true for all values of A and B, since 
the expressions for sin(A+B) and cos(A+B) are true for all 
values of A and B. 

Note 2. The relations enable us to express twice the product of 
the sine or cosine of one angle and the sine or cosine of another angle 
as the sum or difference of two circular functions. 

Note 3. The product of a sine and a cosine is associated with 
the sum or difference of two sines; the product of two cosines or 
two sines is associated with the sum or difference of two cosines. 

Note 4. While these relations are true for all values of A and B, 
it is convenient to look upon A as the larger angle, and to memorize 
the relations in words, thus: 


(i) Twice the sin of an angle x the cos of a smaller angle 
=sin (sum of angles)+ sin (difference of angles). 
(ii) Twice the cos of an angle x the sin of a smaller angle 
=sin (sum of angles) —sin (difference of angles). 
(iii) Twice the product of two cosines 
=cos (sum of angles) + cos (difference of anglea) 
89 


90 


10. 
11. 


21. 


So PISA wrye 
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(iv) Twice the product of two sines 
=cos (difference of angles) - cos (sum of angles). 
Relation (iv) should be specially noted. 


EXERCISES 
Express as a sum or difference of two circular functions 
. 2sin 17° cos 8°. 12. sin 6 sin ¢. 
2 cos 17° sin 8°. 13. 2 cos (3A+ 2B) sin (3B + 2A). 
. 2sin 93° sin 6°. 14. 2 sin (a+ Yy) sin (x -Y). 
. 2 cos 43° cos 23°. 15. 2 cos +t sin “te, 
bE 16. 2.sin (24+ B) cos (2A -B). 
sin 49° sin 22°. ae A+B A+B+2C 
2 sin 2A cos A. WALES SoaeeC® 2 ‘ 
2 cos 2A cos A. - £©-Y . L-Y+22 
Wen 3A 18: 2 sin —5~ sin——5—- 
2 sin = cos => 
e z 19. sin (7+ 0) cos G -6) 
2 sin BA sin oly 2 S 
om [ Qr 5r 
2 sin 2A cos B. eee a a 28) os cS 7 30). 
Prove that 
2 sin 23° sin 22° = 00s 1° - —L.. 
/2 
2 sin 25° sin 35° =cos 10° -}. 


22. 
23. 
24. 
25. 
26. 
27. 


28. 


§ 29. 


2 sin 45° cos 35° =cos 10°+ sin 10°. 
4 cos 59° cos 61° =2 cos 2° - 1. 
2 sin 36 sin 40+ 2 cos 58 cos 28 — cos 30 =cos 4. 
2 sin 70 cos 50+ 2 cos 5@ sin 36 —sin 8@ =4 sin 34 cos 364 cos 60. 
sin 5A sin 7A+sin 2A sin 6A —sin 3A sin 5A 
=2 cos 4A —2 cos? 4A, 


eto ce been 88 70). (360 he eee 
2 sin 9 08 5 +2 sin 9 COs 9 +2 cos 5 sin > =sin 56+ sin 40, 
To prove that (i) sinC+sin D=2sin as P cos oe 
(ii) sin C —sin D =2 cos oo sin © 7 
(iii) cos C-+c0s D =2 cos “+? eos S =P 


C+D... C-D 
2 of 


(iv) cos D -cos C =2 sin 
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The relations of § 28 may be written 


sin (A+ B)+sin (A - ra =2 sin A cos B 
sin (A+B) -sin (A —B) =2 cos A sin B 
Se B)=2 cos A cos B 
cos (A -B) - tot ABI = 2 sin Asin B 
Letting A+ B=CandA-B=D 
C+D C-D 


and B =—~— 


we have A Say a 9 


Hence 


sin C+sin D =2 sin ote cos > 


sin C -sin D =2 cos 25° sin S59 


cos C+ cos D =2 cos nee cos —p— 
cos D —cos C =2 sin Pap sin —~— 
2 Z 

Note 1. These relations are true for all values of C and D, since 
the relations of § 28 are true for all values of A and B. 

Note 2. These relations enable us to express the sum or difference 
of two sines or two cosines as twice the product of two circular 
functions. (Compare § 28, Note 2.) 

Note 3. The sum or difference of two sines is associated with the 
product of a sine and a cosine: the sum or difference of two 
cosines is associated with the product of two cosines or two sines. 

Note 4. While these relations are true for all values of C and D, 
it is convenient to look upon C as the larger angle, and to memorize 
the relations in words, thus : 


(i) sin+sin =twice sin (half sum) cos (half difference). 
(ii) sin (large angle) —sin (small angle) 
=twice cos (half sum) sin (half difference). 
(iii) cos + cos =twice cos (half sum) cos (half difference). 
(iv) cos (small angle) —cos (large angle) 
=twice sin (half sum) sin (half difference). 
Relation (iv) should be specially noted. 


§ 30. GromEeTRICAL Proor oF Propuct FormuLZ 


Let the acute angle XOC <¢ (Fig. 57), and let the smaller acute 
A 
angle XOD =D. 
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A 
Draw OE bisecting DOC and draw HPK perpendicular to OE, 


Fie. 57 


Draw HQ, PR, KS perpendicular to OX, and KNM perpendicular 
to HQ. 
Then DOE =o°2 
A A = 
XOE =xOD + DOE =p4+ 57S 
HP=PK and OH =OK (4’s OPH, OPK congruent) 
MN =NK and QR =RS (HP =Pk) 
2RP =2RN+ 2NP=SK+ QM+MH=SK+QH 


A A 
and RPK =ROP (each is complement of OPR) 


-. (i) sin C+sin D Bola sla 


PRODUCT FORMULA 


Example 1. Prove that 
cos 20+ sin 46 — cos 60 
sin 60+ cos 40 —sin 20 
cos 26+ sin 49 —cos 69 2 sin 46 sin 20+sin 46 
sin 60+ cos 40 -sin 20 2 cos4é@ sin 20+ cos 40 
_ sin 46 (2 sin 26+ 1) 
~ cos 46 (2 sin 26+ 1) 
=tan 40. 


=tan 40. 


Bxample 2. Prove that 
sin (A+ 45°) —sin (A — 45°) + cos (A+ 135°) + cos (A - 135°) =0. 
sin (A+ 45°) —sin (A — 45°)+ cos (A+ 135°) + cos (A — 135°) 
=2 cos A sin 45°+ 2 cos A cos 135° 
=2 cos A sin 45° - 2 cos A cos 45° 
=(0) 
Example 3. Prove that 
sin (30+ ¢) —sin (8 —3¢) —2 cos (40 — ¢) sin (0+ 2¢) 
=4 sin (9+ 2¢) sin (30 — ¢) sin 6. 


94 


sin (30+ @) —sin (0 —3¢) 
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— 2 cos (40 — #) sin (0+ 2¢) 
=2 cos (20 — ) sin (8+ 2¢) —2 cos (40 — ) sin (6+ 2¢} 
=2 sin (6+ 2¢) [cos (24 — ¢) — cos (48 - ¢)] 


=4 sin (0+ 2¢) sin (30 - 9) sin 9. 


EXERCISES 
Express as twice the product of two circular funstions 
1. sin 3A+sin A. 5A 17s 
ONcos—— cog 
2. cos 4A —cos 8A. 2 2 
3. cos 7A+cos 3A. 10. sin Bs cos A. 
4. sin BA —sin 2A. 1]. sin 37°+sin 25°. 


ona oH 


Wf 
18. 


19% 


20. 


21. 


22. 


23. 


31. 


382. 


33. 


34. 


. cos 60+ cos 98. 
. cos 2A — cos 6A. 


sin 50+ sin 70. 


sin (~+ y) —sin (x - y) 
sin (@+ y)+ sin (a — y) 
sin Cas y)+sin (% —y) 
cos (a — y) — cos (a+ y) 
cos (20 ) — cos (20+ ¢) 
sin (20+ #) — sin (20 — ) 


=cot y. 


=tanp2os 


=cot x tan y. 


. cos 5° — cos 59°. 
. cos 33°+ cos 23°, 
. sin 64° — sin 54°, 
. cos 84° —sin 4°. 


. sin (A+ 3B) —sin (3A+ B). 16. cos 52°+ sin 19°. 

Prove that 
cos 21°+ cos 39°=+/3 cos 9°, 94 Sin 39 —sin 4 Se 
sin 57° ~ sin 33° =1/2 sin 12°. Oe Eee 

75° + cos 15° = 25 COs 008 8 =tan 0. 
sin 105° sin 15° V [oS ee 
sin 53° —sin 7° = 26. a ened) =tan 6, 
GGL =/3. cos 58+ cos 34 
ag a sin 50+ sin 30 
cos 25° cos 35°_ 1 27. cos 30 — cos 5a °° ® 
sin 35° —sin 25° /3 at Hn OYA —ean /N a 3A 
sin 243° —sin 27° _ 1 “cos A-cos2A ~ 2° 
cos 27° —cos 243° * 29. sin 3¢+ sin 7¢ Stanbe 
cos 34+ cos 0 ficsp cos oe ae cos oR ie 
en = CO = cos COS ¢« 

36+ sin 0 = - = 
ae a 2 sin 5A —sin 4A °° 2° 
sin A -sin B A+B 
cos B-cos A °°" 


35. 


36. 


37. 


54. 
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sin (3A - B) -sin (A -3B) 


cos (3A —B)+ cos (A —- 3B) SSS) 
cos 7 — cos = 

Sas 
ain’ 7D Bel ve 

6 sin 5 


LD) TT aT 
sin —sin — 


3 4 530 = J = 

a ~ =tan 94 = V 64+ V3 - 1/2 -2. 
cos =-+ cos > 

3 4 

Le 50 
cos Tie ola ee _ a 
——— = - tan 53 =2-/2+ 3-6. 
sin gr sin 6 

. cos A+ cos (A+ 120°)+ cos (A+ 240°) =0. 


. sin A -sin (A+ 60°)+sin (A+ 120°) =0. 

. cos A -sin (A+ 150°)+ sin (A — 150°) =0. 

. cos A —-sin (A+ 30°) + sin (A+ 330°) =0. 

. cos (A + 225°) + cos (A — 225°) + sin (A — 315°) - sin (A+ 315°)=0. 
. sin (A+ 210°)+sin (A — 210°) — cos (A — 300°) + cos (A+ 300°) =0. 
. sin 36 sin 46+ cos 56 cos 26 =cos 20 cos 0. 

. sin 76 cos 56+ cos 54 sin 36=sin 100 cos 20. 

. sin 56+ sin 36 —2 sin 26 cos 0 =4 sin 6 cos 6 cos 38. 

. cos 3A —cos 7A +2 sin 2A sin 3A =4 sin 2A sin 4A cos A, 


cos 2A —cos 4A+ cos 6A _ 


* sin 2A -sin4A+sin6A — OOS 
cos 3A —sin 6A —cos 9A Sey 


* sin 9A — cos 6A —sin 3A 


sin 5A —sin 6A —sin 8A+sin 9A 


~ cos 5A — cos 6A —cos 8A+ cos 9A Sek, 
sin 20+sin 6—cos @+cos 20 _, 30 
” cos 0+ cos 20 —sin 26+ sin 6 Bh 


sin 2A sin A+sin 5A sin 2A+sin 11A sin 4A 
=tan 8A 


* cos 2A sin A —cos 2A sin 5A+cos 4A sin 11A 


cos fy cos e Sine” sin ad —sin ee sin = 

‘ 2 2 2 Dy, 2 2 116 
- 30... 0 30... 50 Belo ee 
sin 5 COS 5 — COS 5 sin 5 + co 7 Sin -> 


51 llr 


. 4 53 
b SAMY ae C08 5 qt 2 sin oT COS 9 =sin oT" 
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4r 20 137 Q0r 
56. 2 cos — 1B sin syne sin 15 88 39 =0°8 5° 
57. If cos 8 =k cos a, prove that tan 2 = =f3 cot es 
58. Ifsin 26 =k sin 2¢, prove that (& — 1) tan (9+ ¢) =(k+ 1) tan (9 - 4). 
89. If 2 = A 8B prove that (x -1) tan 95" =a+ 1. 
60. If k=— ge SO aa) prove that + ese =cot (6 -¢). 


cos 26 —sin 2¢ +k 
§ 31. The following examples give good practice in the use of the 
product formule. 


Example 1. In any triangle ABC prove that 


A. 
cos A —cos B+ cos C=4 cos 5 sin 5 cos S ~1, 
lst proof cos A-cos B+cos C 


+4 ain Pio +2 cos? 5 ~ oat 


B-A_ |. BA) 
5) r Sin 2 


=2 sin 


=2 cos e (sin 


2 

ae B A 
85° sin 5 cos 5 —1 
IS 1s Cc 

g sin 5 cos 5-1. 


; Bisec 
2nd proof 4 cos 2 sin 9 8 5 -1 


» 12 Cc 
2 sin 5 cos 5-1 


2. 
=2 cos 5 (sin 2+ sin 5-8) =] 
=2 cost *-14+2sin 2F% gin B=S 
=cos A+cos C -cosB 
=cos A -—cos B+cos C. 
Example 2. If A+B+C=180°, prove that 
sin? B+ sin? C —sin? A=2 cos Asin B sin C. 
sin? B + sin? C -sin? A =}[2 sin? B+ 2 sin? C —2 sin? A] 
=3$[1 — cog 2B + 2 sin? C+ cos 2A -1] 
=4{cos 2A — cos 2B + 2 sin? C] 
= $[2 sin (B+ A) sin (B —- A)+2 sin? C] 


=2 cos a 


PRODUCT FORMULA 


=sin C [sin (B - A)+sin (B+ A)] 


=2sinC.sinBcosA 
=2 cos A sin B sin C. 
Example 3. Prove that 
LY. Ye. 


sin x —sin y —sin 2+sin (y+z2-—2%)=4sin 9 sin™>~ sin 


sin x —sin y —sin 2+sin (y+z-2) 


s OY. 0 Y yt2z2-4% . “u-y 
=2 cos De sin —~+ 5) —2 cos on sin 0% 
Bei tie | e+y y+ ta) 
=2 sin ye cos —~~+ 5} — cos re 
u-YyY . yt+2. 2-2 

sin 5} sin —5~- 


=4 gin 


EXERCISES 
Prove that in any triangle ABC 


B 
1. sin A+sin B+sin C= 4 cos cos 5 cos 


Owe 


a. 1B} 
2. sin A+sin B —sin C=4sin S sin 5 cos 


B 
3. cos A+cos B+cos C = 4.sin S sin 5 2 sin 


A By 
. cos A+cos B —cos C =4 cos 3% O85 sin 5-1}. 


4 

5. sin 2A+sin 2B+sin 2C =4 sin A sin B sin C. 

6. sin 2A+sin 2B -sin 2C =4 cos A cos B sin C. 

7. cos2A+ cos 2B+ cos 2C = —1 —4 cos A cos B cos G, 

8. cos 2A+ cos 2B —cos 2C =1 —4 sin A sin B cos C. 

9. sin 4A+sin 4B+sin 4C = —4 sin 2A sin 2B sin 2C. 
10. sin 4A+sin 4B -sin 4C = —4 cos 2A cos 2B sin 2C. 
11. cos4A+cos 4B + cos 4C =4 cos 2A cos 2B cos 2C — 1, 
12. cos4A+cos 4B —cos 4C =4 sin 2A sin 2B cos 2C+.1, 


13. sin? f+ sin? 5 +sin? © =1-2sin sin 2 sin ©. 
14. sin? ot sin’ : —sin? 2 =1-2 cos > cos 5 sin 5. 
15. cost cos? aa cos? ; =2+42 sin 2 sin = sin - 
16. cos? at cost 5 — cos? 5 =2 cos : cos sin s 


17. sin? A+sin? B+ sin? C=2+2 cos A cos B cos C. 
G 
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30. 


3l. 8 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


. tan - 
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. sin? A+sin? B —sin? C =2 sin A sin B cos C. 
. cos? A+ cos? B+ cos? C =] —2 cos A cos B cos C. 
. cos? A+ cos? B —cos?C =1 —2 sin A sin B cos C. 


sin? 2A+ sin? 2B+ sin? 2C =2 —2 cos 2A cos 2B cos 2C. 


. sin? 2A+sin? 2B —sin? 2C = —2 sin 2A sin 2B cos 2C. 

. cos? 2A+ cos? 2B+ cos? 2C =1+ 2 cos 2A cos 2B cos 2C. 
. cos? 2A-+ cos? 2B — cos? 2C =1+ 2 sin 2A sin 2B cos 2C. 
25. 
. cot A cot B+ cot B cot C+ cot C cot A=1. 


tan A+tan B+tan C=tan A tan B tan C. 


. tan Dan Ban Brett tank tan eye}: 


2 2 2 2 


2 
Cc A B ie; 
po 2 


+ cot =+ cot =00t 5 cot 5 cot 5- 
B 
ian atoeran Pian tan tan ee 


ES a res en, Pr 


A B Cc 

=tan 7 tan 7 tan 7 
A B Cc Cc A Cc A B 
tan 5 tan 5 cot ot tan & tan 5 co ot 9 + tan 5 tan 5 cot 3 


A B Cc ( Ay iB Cc 
=cot 5 + cot 3 t cot 3 2 (tan 5 + tan 9 t tan 3) 
A B- naG TtA r+B r+C 
in 5 t+sin 5+sin 5=1+4 cos 4 cos Fi cos rie 
Of cose oee 4 aiakss fae ee 
cos 5 4 ) g =4 cos —7— cos —7— cos ve 
A Win opel Sire yg rl OF TA 7-B r—C 
2 2 2 — ra a 
2 (sin q+ sin on : 3 —4 cos Zz 008 Zz 008 Z 
A B Cc 7-B Z¢ 
(oe on 9 se0"9) 
cos qt cos qt cos =344 cos — Zz 098s Zz 088 re 
sin A+sin B —sin C t B 42 
sin A-sinBt+sine "9 °°" 9" 
cos Acs Bp cosO ob Boe ae 
cos B+cos C—cos A+1 9 De 


sin 2A —sin 2B+ sin 2C 
sin? A —sin? B+ sin? C 


=2 cot A tan B cot C. 


A B 
ey ne ae hate) 
1 —sin 2 sin 9 sin’ 5 c 
=tan - 9 tal 5 


cos” ae cos? e + cos? = 
2 2 2 : 

sin 4A —-sin4B+sin4C 1+cos 4A —cos 4B —cos 4C 
sin 4B+sin 4C-sin4A 1 - cos 4A+ cos 4B —cos 40° 


40. 


41, 


47. 


48. 


49. 


50. 


51. 


52. 
53. 


54. 


55. sin 


56. 
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Prove that 

sin x+sin y+sin z+sin (% -y+z)= 4 cos 4 cos ¥—* sin =". 

sin v+sin y+sin z+sin (y+z—-2%) =4 cos * cos “$4 sin Y*. 
. COS +C0S y+ Cos 2+ COS (x -y+2) =4 cos 5 cos 4 cos ane 
. COS +08 y+ cos 2+ cos (w+ y —z) =4 cos Y= cos = cos “FY. 
. sin x -sin y+sin z —-sin (« -y+z)= —4 sin <> sin in 7 sin 
. COS X —COS ¥+ COS Z — COS (%@ —Y+2)= ~4sin 24 sin Y~? og 2T 


2 2 2 


E sin? 5 - sin? $+ sin’ 5 -sin® —)) 


2 2 
BF gin Poe go 


=2 sin 5) 5 5 


2® _ gos? 4 ca s (Zou te) 
cos 9 cos Qt cos 3 cos 9 


a 2+ 2 
2 aint os con 


2 2 2 


. £- 
= -—2sin 


sin 2x+ sin 2y+sin 22 -sin 2(x+-y+2) 
=4 sin (w+ y) sin (y+2) sin (2+2). 
cos 2%+ cos 2y+ cos 22+ cos 2 (a+ y+z) 
=4 cos (v+y) cos (y+2) cos (+2). 
sin? «+ sin? y+ sin? z+ sin? (7+ y+2z) 
=2 —2 cos (x+y) cos (y+z2) cos (+2). 
cos? + cos? y+ cos? z+ cos? («+ y+2) 
=2+2 cos (x+y) cos (y+z) cos (2+2). 
SY YH 2 ez 


sin (« ~y)+sin (y —2)+sin (2 -«) = -4 sin ~~ sin —5— sin >. 


cos (% -y)+ cos (y —z)+ cos (z - 2) 


—Z 2-2 
5 cos —5~ - 1. 


= 
=4 cos 5 y cos 


tan (x —y)+ tan (y —z)+ tan (z - 2) 
=tan (% —y) tan (y —2) tan (z -2). 
(w+y —z)+sin (y+z2-—a)+sin (2+ a -y) -sin (wt+y+z) 
=4 sin x sin y sin z, 
cos (w+ y —2z)+cos (y+2 —%)+ cos (+a -y)+cos («4+y+2) 
=4 COS & COS Y COS z 


(The equations of § 54 may be taken at this stage.) 


CHAPTER X 
THE SIDES AND ANGLES OF ANY TRIANGLE 


§ 32. Novation. 


In this chapter we shall use the notation of Chapter VI, and, 
further, we shall denote 
the number of units in the circumradius of a triangle by R 
the number of square units in the area of a triangle by A 
and the number of units in the perimeter of a triangle by 2s. 
Note 1. Since the perimeter is denoted by 2s, s is called the 
semi-perimeter. 
Note 2. Since 2s =a+b+e 
2s -2a=b+c-a 
_b+c-a 
Pre. 
c+a-b 
2 
a+b-ce 
oe 


oe 8-a 


and similarly s -b= 


and s-c= 


g OL LESe 


§ 33. To prove that in any triangle Seve eee 


A A 


Fie. 58 Fie, 59 


‘ 


Let O (Figs. 58, 59) be the circumcentre of the triangle ABC. 
100 
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Join CO and produce it to meet the circumference of the circumcircle in 
Deyo B Dew inerig58; A is acute; in Fig. 59, A is obtuse. 

Then sin A=sinD (A=D in Fig. 58, A=180° -D in Fig. 59) 
BC (pBc =90°) 


a b @ ‘ 
nda Sc iC ot kt et gee) 

Note 1. If A=90°, BC is a diameter of the circumcircle, and 

5 BC a 
sin A=1] =5R oR 
a 
ee sin A =2R. 
Hence the relations (i) are true in all cases. 
F a b 

Note 2. The relations BAIN Sab ea 
asin B=b sin A, b sin C=c sin B, c sin A=asin C. 


can be written 


§ 34. To prove that in any triangle a =b cos C+c cos B 
b=ccos A+a cos C 


and c=a cos B+6 cos A. 


@ 
fell 


Cc {8) 
Fia. 60 Fig. 61 


Let AD (Figs. 60, 61), perpendicular to CB, meet CB or CB pro- 
duced in D. 


In Fig. 60, a=CD+DB 
=b cos C+ccosB 
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In Fig. 61,a=CD-BD 
A 
=b cos C-c cos ABD 
A 
=b cos C+c cos B (ABD =180° -B). 
-*. in both cases, a=b cos C+c¢ cos B 
Similarly b=c cos A+a cos CC; 5 = (al) 
and c=a cos B+ cos A| 
Note 1. The student should verify that the relations (ii) still 
hold if D lies on BC produced, instead of on CB produced as in 
Fig. 61. 
Note 2. If D coincides with B, the angle B is a right angle, and 
a=bcosC 
=b cos C+c¢ cos B (cos 90° =0). 
Similarly, if D coincides with C, cos C=0 and a=b cos C+ ¢ cos B. 
Hence the relations (ii) are true in all cases. 


§ 35. To prove that in any triangle a? =b?+ c? -2bc cos A 
b? =c?+ a? — 2ca cos B 
and c? =a?+ b? — 2ab cos C. 


(S (e 
B Ope ae D D 
Fie. 62 Fig. 63 


Let CD (Figs. 62, 63), perpendicular to BA, meet BA or BA pro- 
duced in D. 


A 
In Fig. 62, A is acute 
.. BC? =CA?+ AB?-2AB.AD 
1.€., a =b? +c? -2c.b6 cos A. 
A 
In Fig. 63, A is obtuse 
«. BC? =CA?+ AB?+2AB.AD 
1.€., 2 =b? +c? 4 2c. b cos DAC 
A 
=b?+c?-2¢.bcosA (DAC =180° - A). 
«*. in both cases, a? = b?+ c? —2bc cos A 
Similarly b? = c?+ a? —2ca cos B 
and c? =a?+ b? —2ab cos C 


(iti) 
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These relations may be written 


6?-+ c? -@ 
cos ‘| 
2 2 _ #2 . 
cos Bao te Pl a 4 a * (iv) 
_ a +b? -e| 
cos aes area 


Note 1. The student should verify that the relations (iii) and 
(iv) still hold if D lies on AB produced, instead of on BA produced 
as in Fig. 63. 


Note 2. Ti A=90°, a? =b?+¢? 


=b?+c? —2be cos A (cos 90° =0). 
If D coincides with B, the angle B is a right angle, and 
a? =b? —¢? 
=b? + c? —2¢? 


=b?+¢?-2¢.bcos A. 
Hence the relations (iii) and (iv) are true in all cases. 


Example 1. Determine the side a, when c =7, C =60°, and A =45°. 


Example 2. Prove that in any triangle 
a cos (B —C)=b cos B+ c cos C. 
b cos B+c cos C=2R sin B. cos B+ 2R sin C.. cos © 
=R (sin 2B+sin 2C) 
=2R sin (B+C) cos (B -C) 
=2R sin A cos (B -C) 
=a cos (B -C). 
Example 3. Determine the size of the smallest angle in a triangle 


ABC in which a =4, 6 =5, and c=8. 
Since a is the shortest side, A is the smallest angle. 


627+ ¢2 —Q? 
But cos Aerie a 
_ 25+ 64-16 


80 
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=0-9125 
.*. the size of the smallest angle is 24° 8’. 


EXERCISES 


. Ifc=10, A=60°, and B =45° find a. 

If R=10 and A =30° find a. 

If a=5 and A=60° find R. 

If b=10, c=4, and A =60° find a. 

If c=5, a=6, and B =60° find b. 

If a=10,-A =51°, and C =83° find 6. 

. Ha=11-2, 6=13°6, and C=57° 30° find c. 
wit @=450'—o, and ¢—6 tind Ac 

. Ifa=5, b=6, and c=7 find the largest angle. 


Prove that in any triangle 


10. acos A=R sin 2A. 

11. a (sin B+sin C)=(b+c) sin A. 

12. a (sin B —-sin C)+ 6 (sin C -sin A)+c (sin A -sin B) =0. 
13. a cos A sin 2B=) cos B sin 2A. 

cosA cosB_ ¢ 

De ab: 

15. cos B(b —c cos A) =cos C(c —6 cos A). 

16. (a —b) (1+ cos C) =c (cos B —cos A). 

17. a(cos B+ cos C) =(6+c) (1 —cos A). 

18. (b+c) cos A+(c+a) cos B+(a+b) cos C=a+b+6. 
19. a?+ 6?+ c? =2 (bc cos A+ ca cos B+ ab cos C). 

20. 3c? —a? —-b? =2 (bc cos A+ ca cos B —ab cos C). 

21. A=60°, if a? -c? =b (b -c). 


PM IS TP w poo 


be 
sin P=. /(—¢)(s —a) 
2 ca 
GC. S$ —b 
and sin 5 = ve ae yy 


sin? S =5(1 —cos A) 


ees 
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_ 2be — 6? —c?+ a? 
i Abc 
a? —(b -c)? 

4be 
_(a@-b+c)(a+b —¢} 
i Abc 
_ 2(s —b) . 2(s —c) 
a 4bc 
_(s-b)(s-c) 
ie be 


pie es 7 CEE) 


But A, being an angle in a triangle, is less than 180°; therefore 
Ae Pm Aden! Ae, 
3 <90 and sin = is positive. 


2 
“SIN 5 a oe ae 


Similarly sin S Wee = e)(s =a) y ©) 
ca 


Ca (s—a)(s —b 
and sin 5 = ./ (= 216-8) 


Note. Since the relations (iv) are true for any triangle, the 
relations (v) are true for any triangle. 


§ 37. To prove that in any triangle cos 


cos? 5 =5 (1 +c0s A) 


1 62+ c? - a? 
Slt) 
_abe+ 03+ =a? 
* 4be 
(6+c)?-a@ 

4be 

_(b+ce+a/b+e-a) 
al 4bc 
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_ 2s . 2(s - a) 
~ Abe 
_ 8(s —a) 
7 Ge 
*, COS 5a + whe a), 
But A, being an angle in a triangle, is less than 180°; therefore 
A 


2 <90° and cos S is positive. 


® 
° Pe) Hee) 
ACCS oy ae he 


ie Ba s(s — 6) 
Similarly cos PON a 


and cos 2 = we =) 
ab 


Note. Since the relations (iv) are true for any triangle, the 
relations (vi) are true for any Ceo 


§ 38. To prove that in any triangle tan 5 aye) eee e s —b)(s —c) 


8(8 —@) 
ane s—c)(s —a@) 
act ae = ee ae aa 
C_ /(s-a)(s -6) 
and tan 5 hs ee) 
_ A 
fan Saale 
Boa 
2 
(s —b)(s —c) 
Ay bc 
8(s — a) 
a/ be 
A _ Ce 
tan 5 ie ee 
B (iste \ie ian) er 
Similarly tan ae re ara : C « (vii) 
Se di MOT AKS —O 
and tan 5 = /@—aNe—8) 


Note. Since the relations (v), (vi), are true for any triangle, the 
relations (vii) are true for any triangle. 
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§ 39. To prove that in any triangle sin A a2 Vas —a)(s — )(s —c) 
sin B= 2 /a(5—ay(a 5S —0) 

and sin C = 2 Xe — aye dye —0). 

sin A =2sin 4 cos 4 


-2 nf EES acre) 


.. sin A =e Vale —a)(s —b)(s —c) 
Similarly sin B = 2/6 —a)(s —b)(s -c) : (viii) 
and sin C a2 aa -—a)(s —b)(s —c) 


Note. Since the relations (v), (vi), are true for any triangle, the 
relations (viii) are true for any triangle. 


§ 40. To prove that in any triangle A=3bc sin A 


=tca sin B 
=4ab sin C. 
Fig. 64 Fia, 65 


Let BD (Figs. 64, 65), perpendicular to CA, meet CA or CA produced 
inD. In Fig. 64, A is acute ; in Fig. 65, A is obtuse. 
In Fig. 64, A=3CA. DB 
=hb.csmA 
In Fig. 65, A=}CA. DB 
=4b.csin DAB 
=}b.csin A (DAB =180° — A). 
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*, in both cases A=bc sin A 
Similarly A =4ca sin B . (ix) 
and A =3ab sin C 
Note. If A=90°, A=$be 
=the sin A (sin 90° =1). 
Hence the relations (ix) are true for any triangle. 
$41. To prove that in any triangle A =+/s(s — a)(s —)(s —c). 
A=tbc sin A 
=be sin ia cos A 
ce pokes 
ie y AoC. —b)(s—c) /s as) —a) 
be be 
=V/ s8(s —a)(s —b)(s —c) : : c 5s (é3) 


Note. Since the relations (v), (vi), are true for any triangle, the 
relation (x) is true for any triangle. 


A-B 
tan 2 oe 
42, ° : OAS, 
§ 42. To prove that in any triangle ene on 
an 
2 
rey Se 
2 b-e 
ta B+C b+c 
2 
ee 
and Gee 
tan “+4 c+a 


a-b 2RsinA-2RsinB 
e+6 2Rsin A+2R sin B 
_ sin A -sin B 
~ sin A+sin B 


DY ey a ea ae 
= 2 2 
O sin 2 pod 
2 ® 
A-B 
ee ee 
tae 
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tank 

. : 2, Bao 

ee a+b 
Dy 
B-C 

tan 

Similarly ——* Bee (xi) 

B+C b+c 

tan —~— 
2 
C-A 

tan 

Ay ae 
oy Se a 


Note 1. Since the relations used to establish the relations (xi) 
are true for any triangle, the relations (xi) are true for any triangle. 


Note 2. Since tan At = =cot 5 the first of relations (xi) may 
be written 
fee ete ee 
DQ ~ Gale D 
Note 3. Since tan 5 5 ae —tan es . 2 the first of the relations 
(xi) may be written 
re B-A 
2 _b-a 
B+A b+a 
tan oa 
t BE aera? 
ee ro wa eo nO) 


Example 1. Prove that in any triangle A=2R? sin A sin B sin C, 
A =hab sin C 
=4.2RsinA.2RsinB.sinG 
=2R? sin A sin B sin C. 
Example 2. Prove that in any triangle 


BA. 
(s —@) pine sin B =(s —b) sin’ 5 sin A. 


2 
i = = b 
(8 -a) sin? . sin B =(s a) (s ae Cc) ; a 
(s —c)(s —@) a 
ge) armen I. 


eA 
=(s — 5) sin? g sin A. 


110 


AS pea P 
- csin > sin Seo) sin 5° 


. (s —b) sin B cos? 5 =(6 —c) sin C cos? e 


7 A=s? tan = tan — tan 
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EXERCISES 


Prove that in any triangle 


aN A 
. A=bc sin = cos =- 


2 2 


. A+Ra sin B sin G, 


_ 6? sin C sin A 
© S2isiniB 


Seem LE 
. Osin? ere in ~=8-a. 


2 2 


(o) B 
. 6 cos? =+¢ cos? = =s. 


2 2 


. ob (a cos? M —¢ cos? =) =s(a-c). 


2 2 
Cc 


2 2 


B Cc cok 
. @COS 5 COS 5 =S Sin 5- 


2 2 2 


2 


aS ( —tan is tan 5) =C. 


2 2 


Beat new Cc mB) 
. asin — sin ~ =sin — (6 sin? —+¢ sin? —}. 


2 2 2 2 2 


. $=4R cos A (sin Lact 5 sin a 


2 2 2 2 


§ 43. A careful reading of the following examples will assist the 
student in answering the questions of the Exercises on page 112. 


Example 1. Prove that in any triangle 
a cos A+6 cos B cos 2C+¢ cos C cos 2B =0. 


a cos A+} cos B cos 2C +¢ cos C cos 2B 
=2R sin A cos A+ 2R sin B cos B cos 2C+ 2R sin C cos C cos 2B 
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=R (sin 2A+sin 2B cos 2C + sin 2C cos 2B) 
=R (sin 2A+sin 2B + 2C) 

=R (sin 2A -sin 2A) 

=()) 


Example 2. Prove that in any triangle 


A . B-C 
(6 -c) cos 5 =a sin ~y—- 


nae ag (sin 8 g B i 2 
5 5 008 5 — cos 5 sin 5 


ae Ges ea ey EORGRDES)) 


ca ab ca ab 
=h/ Ne —c) -(s -») 
=(b —c) cos > 


Example 3. Prove that in any triangle 
Za cos A cos 2A + 2a cos A sin 2B sin 2C =0. 


2a cos A cos 2A =>2R sin A cos A cos 2A 
=R2 sin 2A cos 2A 


e Be sin 4A 


=f (sin 4A-+sin 4B-+sin 4C) 


=R (sin 2A + 2B cos 2A — 2B + sin 2C cos 2C) 
= —R sin 2C (cos 2A — 2B.- cos 2C) 

== —R sin 2C (cos 2A — 2B — cos 2A+ 2B) 

= —2R sin 2C sin 2A sin 2B 

= —4R sin A cos A sin 2B sin 2C 

= —2a cos A sin 2B sin 2C 


.* Da cos A cos 2A+ 2a cos A sin 2B sin 2C =0. 


Note. 2a cos A cos 2A means the sum of all terms of the type 
a cos A cos 2A, 7.e., a cos A cos 2A +6 cos B cos 2B + ¢ cos C cos 2C; 
in the same way > sin 4A means sin 4A +sin 4B+ sin 4C, 
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Example 4, Prove that the triangle ABC is isosceles if sin in = =a 
a sin A 
b+c snB+sinC 
2 sin Zs cos a 
a 2 
2 sin Bau a Bae 
2 2 
A 
a eet OY 
= aS 
cos —5 
B-C 
*, COS 7) —h 
Sse 


*. the triangle ABC is isosceles. 


EXERCISES 


Prove that in any triangle 


1. (a —b sin A) (1+sin B) =a cos? B. 
2. a cos A cos 2A sin 4B = cos B cos 2B sin 4A. 
3. a cos A (sin ae +sin 2C) =sin 2A (b cos B+c cos C), 
A ae 
4. abc cos 9° see 08 5 = As. 
5. c? sin (A — B) =(a? — 0?) sin CG, 
A B Cc 
6. 4R cos 5 sin 2 sin 5 =8 ~@. 
A B Cc 
PAs IN __ Se} hee 
7. A?=abcs sin 5 sin 9 SiN 5: 


°) = Cc 
5 =(a —b) cos z 
bcos B-acosA 
bcos B+acosA 


10. a cos A sin (B —C)+sin A(b cos B—c cos C) =0. 


8. ¢ (sin’ = — sin? 


9. tan (A -B)= 


tan C. 


A. B=G a—-A Cc B 
ll. @GOSEC 5 SU CCR c cosec — —b cosec =) 


4: 2 Dye 
A B-C . -A B 
12. a cosec 5 cos —7—=sin — (0 cosec 5 + ¢ cosec =e 


13. a cos A+6 cos B -c cos C =2¢ cos A cos B. 
14. a cos A cos 2A+6 cos B cos 2B cos 4C+¢ cos C cos 2C cos 4B =0, 


15. 
16. 


Wie 


18. 


18), 


20. 


21. 
22. 
23. 


24. 
25. 
*26. 
27. 


28. 
29. 


30. 


31. 


32. 
33. 
34. 


35. 
36. 


37. 


38. 


39. 
40. 
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(b cos B cos 2B —c cos C cos 2C) sin 2A =a cos A cos 2A sin 2(B -C). 
asin A+6sin B —-csin C=4R sin A sin B cos C. 
A B 
a cost 5 +b cost 5 ~¢ cos? 6 ~2R cos A cos B sin C=s ~c. 
Pee A op |B : : 
asint 5 +b sin? 5 ~¢ sin? ¢+2R cos A cos B sin C=s ~e, 
a cot A+b cot B ~¢ cot C=2R (4 cos * cos 5 sin ¢ ~1). 
5, UN B= 
(b+¢) sin 5 =a cos 5) 
cos 2A cos 2B c cos C 


acosA'bcosB  abcosAcosB 
(a? cos? A — b? cos? B) sin 2C + c? cos? C sin 2(A -B) =0. 


A B Cc A B Cc 
2 2 2 Qa ene asic aa a aly 
a~ COSeC 9 —- b cosec 9 c* COSeCc 9 2ab CcOosec 9 cosec 9 sin 5 


cos 2B (6 cos B+ ¢ cos C cos 2A) =cos 2C (c cos C+ cos B cos 2A). 
c? cos? C =a? cos? A+ 6? cos? B+ 2ab cos A cos B cos 2C, 
(a cos A —b cos B)? =c? cos? C — 4ab cos A cos B cos? C, 


(6 cos B+a cos A cos 2C) (¢ cos C+-a cos A cos 2B) 
=be cos B cos C cos? 2A. 


Za cos A =2a sin B sin C. 

Ne Ate, Bie 
Za cot A=2R (i+4 sin 5 sin 5 sin 5). 
Sa sin? S =s—2R sin A sin B sin C. 


Da cos? . =s+2R sin A sin B sin C. 


a cos (B —C) =8R sin A sin B sin C. 


= (6 —c) sin 2A =22a cos A (sin B —sin C), 
>a cos A (sin 2B -sin 2C) =0. 
= sak cos? S =); 

a 2 


>a sin (B -C) =0. 
Da? cos? A+ 2=bc cos B cos C cos ZA =0. 
Da cos A+ 2 cos 2A (b cos B+ cos C) =0. 


Prove the following : 


Tf b-c cos? st 2 ~ cos” 5 =0, the triangle ABC is isosceles. 
a 


If a sin (B —C) =b sin (A —C), the triangle ABC is isosceles. 
H 
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B-C 
2 


41. If b+¢=4/2a cos , the triangle ABC is right-angled. 


Dae) (1 sca =~) =¢ (1+ tan =>), the triangle ABC is 


2 
right-angled, 


43. If asin A+0 sin B =c sin C, the triangle ABC is right-angled. 


CHAPTER XI 
LOGARITHMS 


§ 44. The study of logarithms is essentially algebraic, and we shall 
give only a brief summary of the laws involved in the use of tables of 
logarithms. 


Derinition. The logarithm of a number to a given base is the index 
of that power of the base which is equal to the given number. 


é.g., if a” =a, then log, x =m. 


Laws or LocariItHMs 
Law I. The logarithm of the product of two or more numbers is 
equal to the sum of the logarithms of the numbers. 


i.€., log, xy =log, x + log, y. 


Law II. The logarithm of the quotient of two numbers is equal to 
the logarithm of the dividend minus the logarithm of the divisor. 


i.e., log, ; =log, x —log, y. 


Law III. The logarithm of any power of a number is equal to the 
index of the power multiplied by the logarithm of the number. 


Vie lOLe =m JOS, wv, 


Change of Base. The logarithms of any number 2 to two bases 
a and 6 are related thus : 
log, «=log, x + log, b. 


We shall use only common logarithms, 7.e., logarithms to the 
base 10: the necessary tables are given on pp. 174-75. When no 
base is mentioned, it is understood that a logarithm is a common 
logarithm. 
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§ 45. LogarirHMs OF THE CIRCULAR FUNCTIONS 

In § 13 we explained how to use tables of natural sines, cosines, 
and tangents. It is obviously convenient to read off directly the 
logarithms of the circular functions, and these are given in tables 
which are used in a similar manner to those of the natural sines, etc. 


e.g., from table of natural sines, sin 61° 38’ =-8799 
and from table of logarithms of sines, log sin 61° 38’ =1:9444. 


Note. Very often the values of the logarithms of the circular 
functions are increased by 10, and the tables are headed “ Tabular 
Logarithm of Sine,” etc., or “ Logarithmic Sine,” etc. 


e.g., log sin 61° 38’=1-9444 
and logarithmic sin 61° 38’ =1.9444+ 10 =9-9444 
or, in contracted form, L sin 61° 38’=9-9444, 


412-5 sin 74° 26’ 
Example 1. Evaluate Sin 229° 33’ 
Nos. Logs. 
412-5 | 2-6154 
sin 74° 26’ | 1-9838 


2-5992 =sum 
—sin 229° 33’=sin 49° 33’ | 1-8813 


522-3 | 2:7179 =difference 


_ 412-5 sin 74° 26’ 


nou oa 


Note 1. The logarithm of the numerical value of the given 
expression =log 412°5+ log sin 74° 26’ — log sin 49° 33’. 


Note 2. The sign of the expression is determined independently 
of the logarithmic calculation. 


Example 2. Prove that 
log (sin A —cos A) =4 log 2+ log sin (A — 45°). 
$ log 2+ log sin (A - 45°) =log 1/2+ log sin (A - 45°) 
=log {1/2 sin (A — 45°)} 
=log {1/2 (sin A cos 45° — cos A sin 45°)} 
=log (sin A —cos A). 
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EXERCISES 
Evaluate 
1. 38°52 x sin 42° 34’, 31-02 sin 57° 34’ 
2. 4-278 x tan 59° 15’. OUD NY 
Aor 9, £71 tan 42° 47’ 
3. 8:13 x cosec’6 : ee ior, ay 
4, 5:46 x sec 124° 25’. 10 469 sec 100° 51’ 
5. sin 63° 25’ cos 63° 25’. "cot 132° 39° 
° , ° , ll 2 63° ah 
6. tan 23 46’ cot 70 ay ° . cos 59° 16’ 2, 
7 14:45 sin 32° 55’ ( ain Sle 7 i 
: 25-63 ; cos 81° 17/7 ° 
Prove that 
13. log (sin? A+ cos? A) =0. 
14. log cos A+log tan A =log sin A. 
15. log sin A+ log cot A=log cos A. 
16. log cos 2A =log (cos A+sin A)+ log (cos A -sin A), 
17. log tan 2A =log 2+ log tan A — log (1+ tan A) —log (1 - tan A). 
18. log sin 3A =log sin A+ log (/3+ 2 sin A)+log (/3 —2 sin A). 
19. log (sin A+ cos A) =4 log 2+ log sin (A+ 45°). 
20. log (1+ cos A)+log (1 —cos A) =log cos A+ log sin A+log tan A. 
21. log tan A -2 log sec A=log sin A+ log cos A. 
22. log (2+ s0c 3) +log (v2 — sec e) — 2 log sec $ =log cos A. 
93 log sint A 5 
* log (1+cos A)+log (1 -cos A) ~ 
24. log sin 86 — log sin 20 =2 log 2+ log cos 26+ log cos 40, 
20 
25. Evaluate (a) 10 log sin 45°, (6) ¢ 2 log. tan an 
26. a=2Rsin A. Find R if a=15-02 and A=134° 16’. 
Dil. fe ae Find the least positive value of r if «=1-52 and i=31° 44’, 
_ a (cos B — cos a) . Pe enya asin a PRT, Eee 
28. a= BrGoR Gs Find « if a =105-5, a =51° 40’, and 8 =32° 15’. 
Jasin a sinisa Po OAS Bere, 
99, Tee cing 3" Find y if a=325, a =65° 25’, and B=19° 29’. 
In the following exercises A, B, and C are angles of a triangle. 
30. r=4R sin _ fe 5 gin 5. Find r if R=2:493, A=49° 35’, and 


B =62° 34’. 
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31. 


32. 


33. 


34. 


35. 
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s=4R Bienes: a Kind sit R=31-45 A =472" 120 and 


2 2 2 
B=31° 42% 
09 a 
sin B aoe” Find the values of B if A =49° 47’. 
sin A = Seen e Find the value of A if C =69° 21’. 
Cot Ce tan ee nd) Clit ua 17-32, ele smnet 
2 a-b 2 
ABE le 
A-B eC 
¢ cos —5— =(a+ b) sin z Calculate the values of the angles of 


the triangle in which c =28°5, a+b =41:7, A-B=19° 21’. 


CHAPTER XII 
SOLUTION OF TRIANGLES 


§ 46. The right-angled triangle was discussed in Chapter VI. We 
now proceed to consider how to solve any triangle. The following 
four cases arise, the first three corresponding to the elementary 
geometrical theorems on congruent triangles. 


A. Given two angles and one side. 

B. Given three sides. 

C. Given two sides and the included angle. 

D. Given two sides and the angle opposite to one of them. 


§ 47. Case A. Given two angles and one side. 
e.g., given A=78° 30’, B=46° 45’, a=12°21, 
a b c 
snA sinB sinc 
which may be written a=2R sin A, b=2R sin B, c=2R sin G 
C=180° —(A+.B) 
= 180° — 125° 15’ 


Use the formula 2R 


= 64° 45’ 
Formule Numbers Logarithms 
2R-— a= 12-21 1-0867 
sin A 4 
sin A=sin 78° 30’ | 1-9912 
2R 1:0955 = difference 

6=2RsinB| 2R 1-0955 
sin B=sin 46° 45’ | 1-8624 

.. b=9-076 0-9579 = sum 
c=2RsinC| 2R 1.0955 
sin C=sin 54° 45’ | 1-9121 

.. c= 10-17 1:0076= sum 


Resulis C=54° 45’ 6=9-:08 c=10-2. 
119 


120 
Note 1. 


log 2R=log a —log sin A. 
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The value of 2R is not requirerl. 


Note 2. 


log b=log 2R +log sin B. 


Note 3. b and c may be found directly from the formula 


1. A= 


pu% sin B 
sin A’ 


EXERCISES 
Solve the A ABC in the following cases : 


71° 40’, 


2. C=38° 49’, 
3. B=82297 
4. C=114° 36’, 
be B=40594 
6. 
u 
8 
9 
0 


A= 62° 20’, 


B=100° 15’, 
C=), 50% 
B= 2.05 Ailes 
10. 


C=46° 50’, 


B=41° 50’, 
A=79° 26’, 
C= 65° 25’, 
A=40° 6, 

C= 99° 31% 
B=52° 50’, 
C=58° 53’, 
B=79° 12’, 


A= 124° 24’, 


A= 19> 597 


§ 48. Case B. Given three sides. 
First Method; e.g., given a =472-6, b =670-1, c =854-7, 


_@sin C 
‘sin A 


C=30-20. 
a= 29-02. 
c= 21-85. 
b=8-351. 
a= 526-1. 
b= 1544. 

c= 123-4. 
a= 29-62. 
C=89°35. 
b= 139-8. 


Use the formula tan > B =v ie ae = o) 
a= 472:6 - $=998°7 
b= 670°1 het ei 
C=a Sos s —b =328°6 
oe 28 =1997°4 s—c=144-0 
Formule Numbers Logarithms 
(s — 6)(s —c) (s —b)(s —c) 8 —C) = rie 
tan = aio ae a) s—b=328-6 2-5167 
s—c=144-0 2-1584 sum =4:6751 
s=998-7 2-9994 
$-—a=526-1 27211 sum = 5:7205 
| A difference = 2:9546 
4 37 16° OK difference— 2, = 1:4773 
A =ooule: 
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Formule Numbers Logarithms 
$—C)(8 — : 
—c=144- 2-1584 
tan 5 ay Cane ae oa 8—C 0 8 
s-a=526-1 2:7211 sum =4:8795 
s=998-7 2-9994 


8 —b=328-6 2-5167 sum =5:5161 


difference = 13634 


of 5 =25° 40’ difference — 2, = 1-6817 
6% (Besa? 210y 
ene Ganieee) 8 —a=526-1 2-7211 
2 8(s —C) 
8 —b=328-6 25167 sum=5-2378 
8=998-7 2-9994 
&—c=144:0 2°1584 sum =5:1578 
difference =0-0800 
a es a> BxeY difference— 2, =0-0400 
“C=95~ 167 


Results A = 33° 24’ 
B=51- 207 
C = 95° 16’. 


Note 1. When only one angle is required, the formule for the 
sine or cosine of the half-angle are quite suitable. When all three 
angles have to be found, the tangent formula is preferable, for we 
then use only 4 logs, viz., those of s, s—a, s—b, and s—c, and 
these enter into the calculation of all three angles. 


Note 2. When two angles have been determined, the third can 
be found from the relation A+B+C=180°. The student is 
advised, however, to find the three angles separately, and check 
his results by testing whether their sum is approximately 180°. 
Since the logarithms employed are approximate numbers, the sum 
of the three angles obtained may differ from 180° by a few 


minutes. 
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& ue} Soy ‘2 wey Soy Jog Apreptuts pue 


+0) qa 
6G6L- I = 0986-0 — 6099-0= 
= G : 
GaN oY B)/~ B= G WHOL “6 7H 


*{8 Boy - (0 - #) Bo] +(q- 8) Bo] +(v - 8) Boy} $= 
gs 


@=ag- ao a) /Y 1 1 ao 


(D-— $8) SO] 


———- 

£9-6F =83 
MT Lb=9 | 88 £3= 5 T1F91=4 wey 30] I610-LT=(9-S) BO] | GF-OT=9-S | 1¢-FT=9 
8? 9L=4 | 42 gga 0668-T=< ue} Fai) 2099-0= 7a 50] =(q—-s) 30 =4q-s 
SP 6 WB 88=4 I=§ I o-)@-N@—5/* Z19L-0=(9-S) BOT | 11-9 =4 0-61=9 
89 S9=V | 6S ol3=% BeosI=% wry 80] 0986-0=(@—S) 50] | 19-8 =9-s | 1g-91=P 

6F6E-T=8 30] 68:Fg=8 
9 
(o-—s)+ = 


‘LE-PI=9 ‘GO0-61=2 ‘TZ-91 =” weals “ba S poypayT puorvag 
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EXERCISES 


Solve the A ABC in the following cases : 
Tea —1125.  b—21-43.—  ¢=28)72. 
2G=613°2,) 0=430-85 9 esol Te 
3. a=1997, b =3621, c=2803. 
45 G—130°3,) O— 79°36) C=154e1, 
6. @=15:27, 6=8-16, C= 10:39: 
6. a=1042, b=1874, = Hails), 
7. a=201°3, 6=376:2, c=301-8. 
8. a=10°69, 6=13:15, c=9-66. 
9. a=7-29, b=N1-615> ¥e=8-25; 
10. a:6:c=54°5 : 71-7 : 98:9. 


§ 49. Case C. Given two sides and the included angle. 
é.g., given a =103-5, b =43-21, and C =84° 39’, 
A-B a-—b A+B 


Use the formula tan —~— =—— tan 
2 a+b 2 
a=103°5 A+B =180° — 84° 39’ 
b =43-21 =95° 217 
. a—b =60-29 aa ate =47° 41’ (to nearest minute) 
and a+6=146-71 
Formule Numbers Logarithms 
ee ee eS a-b= 60-29 1-7802 
a+b 2 
a+b6=146-7 2°1665 
1-6137 = difference 
tne 5 B tan 47° 41’ | 0-0408 
He A _ —24° 17’ 1-6545 =sum 
AN eo oF 
and Bi=237 247 
asinG ~ a=103°5 2-0149 
Fin A sin A=sin 71° 58’ | 1-9782 


2-0367 = difference 
sin C =sin 84° 39’ 1-9981 


SS GES OSS) 2-0348 =sum 
{ 
eo 
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Results A =71° 58’ 
Bi=23 224. 
C= OSs 


~ B 
S B =log (a —b) —log (a+b) + log tan 95 


Note. log tan 


EXERCISES 
Solve the A ABC in the following cases : 


I Geel}, (OSNOPIG, (Ce ERP Wi. 
2 DSP, Gasveil, Na GB See 
351d —30:00,8 0 — 25:0 OL se abre 
4 c—18:04, (a =—14-41 B= 672437% 
5. 6=6086, a=4994, C=1097 297 
G03 09:4 eC — 2 biel Nae lie 
NO — 10914 C= 1.6-02 =p Deno. 

8. c=5821, b=6949, A= 25° 25’. 
9xa —7108:2, ie =996:655) B 10627497. 


— 
f—) 


SO 9: 85.5 — 25:55, — 541s 


§ 50. Case D. Given two sides and the angle opposite to one of them, 
e.g., given b, c, C. 
b sin C 
ae 


Use the formula sin B = 


b sin C 


Since gives the value of sin B, we have stili to decide whether 


B is acute or obtuse. 


(a) If C=90°, then B must be acute. 
(b) If C < 90° and (i) c=b, then B must be acute. 
(ii) c<b sin C, then sin B > 1, which is impossible. 
(ili) c=b sin C, then sin B =1, ... B=90°. 
(iv) c>bsin C and <0, then B may be acute or obtuse. 
From the above deductions we learn that two triangles satisfy the 
given data if C is acute and c is less than 6 but greater than b sinC, 
Since two solutions are possible, the case is referred to as the Ambiguous 
Case. : 
The results which we have obtained analytically may be easily 
verified geometrically. 
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Let x¢y (Figs. 66, 67) be the acute angle C. 


From CY cut off CA =b, and draw AD perpendicular to CX. 
Then AD =0 sin C. 


Vv 


Fie. 66 


With centre A (Fig. 67) and radius c describe an arc; then the 


drawing illustrates what happens in cases (ii), (iii), (iv), of subsection 
(6) above, for 


in (ii) if c<bsinC the are does not meet Cx, and no triangle is 
formed ; 

in (iii) if c=b sin C the are touches CX at D, and ABC is a right- 
angled triangle ; 

and in (iv) ifc > 6 sin C and <0 the arc cuts CX in two points B,, B,, 
and two triangles AB,C, AB,C are formed. The two values 
of A may be denoted by A,, A,, and the corresponding values 
of a by ay, dy. 


Note. The Ambiguous Case may be demonstrated algebraically. 
Since 0, ¢, and C are given, then a may be found from the formula 
c? =a?+ b? — 2ab cos C 
1.€., a2 -2ab cos C+ 62 -c? =0 
which may be looked upon as a quadratic equation in which the 
unknown is @. 


The equation gives a =b cos C+~/8? cos? C — (6? —c?) 
=b cos C+ V2 - b? sin? C, 
Hence 
(i) Iic>8, the values of a are real, but one is negative. 
If c=6, one value of a is real and positive, the other is zero. 
(ii) If c <b sin C, the values of a are imaginary. 
(iii) If c=6 sin C, the values of a are real, positive and equal. 
(iv) If c>b sin C and <6, the values of a are real, unequal and 
positive. 
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e.g., given b =157-4, c=144-2, C =48° 35’. 


o=29R, 


Use the formula Aine Sac 


Formule Numbers Logarithms Results 
¢ , 
sin C =sin 48° 35’ | 1-8751 B,= 54° 577 
2R 2:2839 = difference Be 125230 
b 
sin B =oR 6=157-4 2-1970 A, = 76° 28’ 
2R 2°2839 A.= 6° 22’ 
sin B 1-9131 = difference 
a,=2R sin A, 2R | 2:2839 
| sin A, =sin 76° 28’ | 1-9877 
2:2716=sum a, =187 
a,=2R sin A; | 2R 2.2839 
sin A, =sin 6° 22’ | 1-0447 
1°3286 =sum @= 21-8 


Note 1. From the value of log sin B we obtain the acute angle 
B, and its supplement By. 

Note 2. A, =180° -(B,+C), A,=180°-(B,+C); a,=CB,, 
a, =CBz. 

Note 3. It is unnecessary to determine the number of solutions 
before proceeding to solve the triangle. If, for example, there 
had been no solution in the preceding example, a positive value 
for log sinB would have been obtained: such a value is in- 
admissible. If there had been only one solution then either B, 
would have been found to be 90°, in which case B, would have 
been 90°, or else there would have been obtained for A, a negative 
value, which is inadmissible. 


EXERCISES 


State the number of solutions in the following cases : 


1. 6=479:1,  ¢=365:4," B=342267 
2. c=268-4, a=371:9, C=29° 40” 


, SOLUTION OF TRIANGLES 127 


320 =1P25) "b= 25:25, A=31°'307 

4. a=18-48, 6=9-24, B=307 
Find the angles of the following triangles : 

5. a=11-84, 6=10-°86, B=54° 36’. 

69 0i=20976, 6 =231-5, 6 —61> 197 

7. @=27-:95, ¢=29-75, A=39° 45’. 
Solve the A ABC in the following cases : 

8: 0=15:16,  ¢=23-55, OC =131> 40% 

9. @=13-'64, 6=18-:23, A= 34° 45’. 

10. @=171-5, = 139-25 B= 41° 35% 


EXERCISES 


1. a=76-41, 6=50-28, c=99-51. Find the greatest angle and the 
area of the triangle. 

2. a=11:79, 6=14-05, c=8:38. Find the radius of the circumcircle 
and the smallest angle of the triangle. 

3. @=13-42, c=10-84, B =62° 32’. Find the area of the triangle and 
the length of the altitude drawn from the vertex C. 

4. B=37° 45’, C=71° 16’, a=7-45. Calculate the lengths of the 
smallest side and the radius of the circumcircle. ayy ; 

5. Find the least angle of the triangle whose sides are in the Bea eal 
of 8, 11, 14. 

6. a=3°69, A =49° 35’, B =62° 34’. Calculate the values of R and 6. 

7. b=125:5, c=142:7, A=55° 45’. Find the area of the triangle 
and the length of the circumradius. 

8. a=31, 6 =23, A=51° 32’. Calculate the values of B and R. 

9. In A ABC, AD is the perpendicular from Ato BC. If AD =9-65in., 


DAC =26° 30’, and DAB =38° 10’, calculate the lengths of the sides 
of A ABC. 

10. a=7:25, b=9-16, c=11-27. Find the radius of the circumcircle, 
using the formula abe =4R A. 

11. a=6:25, B=39° 30’, C=90°. If CD is the median from C to 
the hypotenuse, find the length of the median and the area of A DBC. 

12. A ABC is isosceles: A=36° and a=5-25 in. The bisectors of 
the base angles B and C meet at O. Find the lengths of OB and the 
circumradius of A OBC. 

13. ABC is a triangle having A=64°, B=48°. The bisector of angle 
A meets BC in D. If AD=3°5 in., calculate the lengths of the sides 
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of A ABC, and check your results by constructing the triangle and 
measuring the sides. 
14. A ABC is inscribed in a circle. Tangents are drawn to the circle 


A 
at A, B, and C, forming AXYZ. If AB=4:5 in., BAC =50°, and 


CBA =60° calculate the lengths of the sides of A XYZ. 

15. a=41-8, b=31-6, c=50°5. The internal and external bisectors 
of angle A meet BC in X and Y respectively. Calculate the lengths of 
AX and AY. 

16. If, given a, b, and B, two values for ¢ can be found, prove (i) 
that the product of these values is a? — 6”, (ii) that their sum is 2a cos B. 

17. Two adjacent sides of a triangular field measure 8-5 chains and 
11:2 chains respectively, and contain an angle of 82° 15’. Find the 
perimeter and area of the field. 

18. The longest side of a triangular field is 14-6 chains, and the 
angles subtended by the other two sides at the ends of this side are 
34° 12’ and 57° 44’ respectively. Find the length of fencing required 
to surround the field. 

19. XYZ is a triangular plot. XY =29-2 yds., YZ =21-5 yds., and 


XZY =59° 35’. Find the other angles of the triangle and the area of 
the plot. 

20. P and Q are two places such that the distance between them 
cannot be measured directly. If the distances of P and Q from a third 


place R are 9-5 and 10-5 miles respectively, and PRQ is 79° 32’, find 
the distance from P to Q and the inclination of PR to PQ. 

21. Two trees on the bank of a stream are 17-5 yds. apart. A post 
on the opposite bank is between the trees, and the directions from the 
trees to the post make angles of 52° 30’ and 61° 45’ with the line joining 
the trees. Find the width of the stream. 

22. Two straight roads from a point A are inclined to each other 
at an angle of 52°. A cyclist goes from A along one road at the rate 
of 12 miles per hour, and a motorist starts from A at the same time 
and proceeds along the other road. JF ind the speed of the latter if at 
the end of 90 minutes he is 29 miles distant from the cyclist. 

23. ABCD is a piece of ground in the form of a trapezium of which 
AB and DC are the parallel sides. If AB=BD=27 chains, DC =17 
chains, and angle BAD =54° 9’ find the lengths of the other two sides. 

24. A field PQRS is right-angled at R; RS=25 chains, PQ =35 


A ’ 
chains, PS =42 chains, and QPS =41°. Find the length of QR. 
25. At two points A and B on horizontal ground vertical posts AD 
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and BC are placed. AD is 6 ft. high and subtends an angle of 24° 12’ 
at B. The angle of elevation of C from D is 49° 50’. Find the length 
of BC. 

26. On a level stretch of land, three straight roads AE, AB, and AC 
radiate from A. AB and AC are on the same side of AE and inclined 
to it at angles of 15° 30’ and 52° 15’ respectively, while the distance 
AB is 880 yds. At B one road leads to C and another, BD, is parallel 


to AE. If CBD is 82° 36’, find the distances of C from A and B. 

27. At a signpost on a straight road a person observes two spires 
ahead of him on the road. He walks 300 yds. in a direction inclined 
at 80° to the road, and finds that the distances from the signpost to 
each spire subtend angles of 48° 33’ and 81° 20’ respectively at his new 
position. Find the distance between the spires, 


CHAPTER XIIT 
PROBLEMS 


§ 51. The problems in this chapter afford the student further op- 
portunity of practice in the application of the relations connecting 
the sides and angles of triangles. 


Example 1. At a point A, at which a vertical tower subtends 
an angle a, the angle of depression of the base B of the tower is 8; 


show that the height of the tower is ae pe” 
cos (a — 8) 
Cc 
A D 
<i 
B 
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Let BC (Fig. 68) represent the tower, and let AD, perpendicular 
to BC, meet BC in D. 


Then CAD =a-B 
A 
and ... ACD =90° -(a -8) 


A 
B ; 
But BC _ sin BAC 


AB 


A 
sin ACB , 
a sin a 
~ gin {90° — (a —)} 
130 
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sin a 
~ cos (a —B) 
AB sin a 
cos (a — 8)" 
Example 2. Two circles, whose radii differ by 2a and have 
product b?, have external contact; show that the ae of the 


2; io 


angle between their direct common tangents is + ie 


Pp 
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Let PQ (Fig. 69) touch the circles, with centres A and B, at 
P and Q respectively. Draw BC parallel to QP and meeting AP 
in C. Then, letting AP=7, and BQ=r,, 

BC? = AB? - AC? 
= (11 +12)? — (71 - 799" 


=4r,r, 
=4b? 
C=——22b; 
us 24 a 
. tan ABC = ton +5 
a 
Dy 
A b 2ab 
tan 2ABC = + —]G=t, 
*, the tangent of the angle between the direct common tangents 
7 
igs + Roa 
ans 3. A triangle ABC is right-angled at B and has given 
r 


, and hence that 


inradius r; show that AC= 


4/2 sin e 9 sin (40° - 5) 


AC has minimum length when C wel 
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Let the incircle have centre I (Fig. 70) and touch AC at Y. 


A 


Fia. 70 


Then AC=AY + YC 
A A 
=lY cot IAY+1Y cot ICY 


A Cc 
=r cot g trcot 3 


eine con oO S i 
3 3g t+ 008 5 sin 


gee 
1 5} m> 


ae C+A 
2 
pa ier: Cc 
sin 3 sin (45° - S) 
r sin 45° 


iC . 2) 
sin 5 sin (45 5 
r 


= eC SEG 
“/2 sin 5 sin (45 -5) 


2r 
ee / : ere, a 
Hence A Gea C=ae = oneane and this fraction has minimum 


value when its denominator has maximum value, 7.e., when 


C =45°. 


Example 4. From a coastguard station two ships at sea are 
observed to bear N.W. and N.E. respectively, while, from a second 
station one mile due east of the first, the ships are observed to 
bear W.N.W. and N.N.E. respectively. Find the distance between 


the ships. 
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Let A and B (Fig. 71) represent the stations, and C and D the 
ships ; let AD and CD be respectively « and y miles long. 


D 


gy 
€ xs 
A 
Fia, 71 
AD si ABD 
Thee ee 


sin ADB 
. # sin 112° 
°° 1” sin 227° 
_ cos 224° 
~ sin 222° 


os X=COt 224° 


A A 
But CAD =90° and CBD =90° and hence A, B, D, C are concyclie 


ove CDA=CBA and .°. CDA =224° 
es CD =AD sec 224° 
o. Y= Sec 224° 
=cot 224° sec 224° 
=cosec 224° 
=2°61 
.°. the distance between the ships is 2:61 miles. 


Example 5. A tower of height h, is distance x due east of a 
second tower of height A, and standing on the same horizontal 
plane; a point in this plane is S.W. of the first tower and S.E. 
of the other, and at this point the elevations of the tops of the 
towers are a and £ respectively. Prove that 


2=WVh,? cot? a+h,? cot? B 
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Let A and B (Fig. 72) represent the bases of the towers, and let 
C be the point at which the elevations are a and 


Then AC=h, cot «a and CB=h, cot B 
A 
But ACB =90° 
.. AB? = AC?+ CB? 
.*. “2 =h,? cot? a+ h,? cot? B 
“. G=4/h,? cot? a+h,? cot? B. 
Example 6. A vertical rod 4 ft. long stands 7 ft. to the east of a 
wall running north and south. Two lamps, one east and the other 
south-east of the rod, cast shadows of the rod upon the wall ; if these 


shadows are respectively 3 ft. and 1 ft. high, find the difference 
in the altitudes of the lamps as viewed from the toy of the rod. 


Fie. 73 


Let AB, CD, EF (Fig. 73) represent the rod and the two shadows. 
Draw DG and FH perpendicular to AB. 
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_GB_AB-CD_4-3_ 


A 
. . GDB =8° 8’ 
HB AB-EF See 1 


Also tan H FB- = =0:3030 


FH EA 7/3 
. HEB =16° 51’ 
*. the difference in the altitudes of the lamps as viewed from B 
=16° 51’ - 8° 8’ 
= 8° 43’, 


EXERCISES 


1. From a ship at sea a lighthouse is observed to bear N.N.W., but 
after the ship has sailed 3 miles to the south-west the lighthouse is 
observed to be due north; find the distance of the lighthouse from 
the first point of observation. 

2. From the top of a cliff a ship is observed to have angle of depression 
8° 22’. If a second ship, one mile more distant, has angle of depression 
3° 10’, find the height of the cliff above sea-level. 

3. AB is a vertical line of length 100 feet ; from a point C the angles 
of elevation of A and B are observed to be 24° and 22° 30’ respectively. 
Find the distance of C from the line AB. 

4. From a point A two objects P and Q, lying on the horizontal 
plane through A, are observed to bear N.E.; from a point B in the 
same plane, and one mile east of A, P and Q bear N.N.W. and N.N.E. 
respectively. Find the distance between P and Q. 

5. At A and B, two points on a vertical line, the angles of elevation 
of a point C are 37° and 48° respectively ; at A, a point D vertically 
beneath C, has angle of depression 52°. Find the angle of elevation 
of B as viewed from D. 

6. A and B are two points on a horizontal plane, and are 7 miles 
apart; A is west and B south of a mountain whose top is 4 and 5:8 
miles from A and B respectively. Find the elevation of the mountain 


as viewed from A. 
7. A vertical pole 80 feet high has angles of elevation 37° and 18° 


respectively when viewed from two points A and B lying in the hori- 
zontal plane through the foot of the pole. If B is east of A, and A is 
south of the pole, find the distance between A and B. 

8, At two points A and B, in the same horizontal plane, a balloon 
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has angles of elevation 37° and 25° respectively ; A is due south of 
the balloon, and B is east of A. Find the height of the balloon if the 
distance between A and B is 1000 feet. 

9. The top of a vertical tower has angles of elevation 23° and 22° 
respectively at two points A and B lying in the horizontal plane through 
the base C of the tower. Find the height of the tower if AB =400 feet 


and BAC =90°. 

10. Two vessels leave the same port at the same time; one steams 
N.W. at 14 knots, the other steams N.N.E. for 1 hour at 12 knots, 
then N.E. at 16 knots. Find the distance between the vessels 3 hours 
after leaving port. 

1l. D is vertically over and 8:32 feet above the vertex A of a hori- 


A A A 
zontal triangle ABC; DBA=20°, DCA=27°, and BDC=60°. Find 
the length of BC. 
A A 
12. Ina quadrilateral ABCD, B =D =90°, AB =3BC, and AD =2DC; 


show that A =45°. 

13. If a radius of a circle divides a chord in the ratio 2:1 and is 
bisected by the chord, show that the angle between the radius and the 
chord has cosine 41/6. 

14. A regular tetrahedron stands on a horizontal plane; prove that 
the slant edges are inclined to the horizontal at an angle whose cosine 
is 1/\/3. 

15. In a horizontal triangle APB, AP =2AB, and the angle A is a 
right angle. On AB stands a vertical and regular hexagon ABCDEF. 
Prove that PC is inclined to the horizontal at an angle whose tangent 
is \/3/5. 

16. At each of the vertices of a horizontal triangle ABC, a point P, 
33 feet above the triangle, has angle of elevation 43° 30’; if BC =27 


feet, find the size of BAC. 

17. PQ is a horizontal line in a plane inclined at 32° to the horizontal ; 
PR is a line in the plane and is inclined to PQ at 23°. Find the inclina- 
tion of PR to the horizontal. 

18. If 6 is the angle in a segment of a circle of diameter d, show 
that the length of the chord which cuts off the segment is d sin 0. 

19. In a horizontal triangle ABC, BC =2z, CA =2y, and AB =2z; a 
vertical line AD subtends angle a at the mid-point of BC. Prove that 


AD =1/2y?+ 22? — # tana. 


20. If A is a point distant h from and vertically above a point B, 


PROBLEMS 137 


and if, at a third point C, A has angle of elevation « and B has angle 
of depression 8, show that the difference of levels of B and C is 
h sin B cosa 
sin (a+) - 
21. From a point P, two points A and B on a vertical line and distance 
h apart are observed to have angles of depression «a and 8 respectively, a 
being greater than 8. Show that the difference of levels of P and A is 


h sin a cos B 
sin (a —8) ; 

22. ABCD is a horizontal rectangle; at a point vertically beneath 
A the angles of elevation of B, C, and D are a, 8, and y respectively. 
Prove that cot? a+ cot? y =cot? B. 

23. A, B, C, D are coplanar points, and AB subtends angle a at C 


: nS (>). 
and D; show that sin CAD = AB Sino. 
24. Two intersecting circles, with radii a and b, have their centres 
distance c apart; prove that the cosine of the angle between the 
, : Dn eee 
tangents at a point of intersection is + a a 


25. ABCD is a horizontal rectangle ; at a point distant h vertically 
beneath A the angles of elevation of B and D are a and 8 respectively. 
Show that the area of the rectangle is h? cot a cot 8. 


A 
26. In the triangle ABC, BP bisects B, and AP is perpendicular to 
BC; prove that AP=c tan = 


27. Two spheres of radii 7, and 7, touch each other and stand on a 
horizontal plane ; show that the line of centres is inclined to the hori- 


QW/ 1415 
MAT. 


A 
28. AD bisects A of triangle ABC, and meets BC in D; prove that 
2be A 


zontal at angle 9, where cos 0 = 


29. A vertical rod of length 2r cos @ stands at one end of a chord 
subtending angle 24 at the centre of a horizontal circle of radius 7’; 
show that the elevation of the top of the rod as viewed from the other 
end of the chord is -6. 


30. If two circles, with centres distance a apart, have the sum of 
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their radii equal to b, prove that the tangent of the angle between 
Qbv/a? — 6? 

31. In a triangle ABC, AD, perpendicular to BC, meets BC in D; 

if AD produced meets the circumcircle in E, show that 
BD=ccosB, DC=bcosC, AD=bdsinC€ 
and hence that DE =2R cos B cos C. 

32. ABCD is a horizontal rectangle, whose diagonals intersect in O. 
At B, D, O, and C a vertical line AE subtends angles a, 8, y, and @ 
respectively ; prove that cot? a+ cot? 8 =cot? 6 =4 cot? y. 

33. ABO and CDO are two straight lines inclined to each other at 
angle 30°. AB=BO=a, and AB subtends angle 30° at C and D; 
determine the length of CD. 

34. From a point, distant d from the centre of a circle of radius 7, 
tangents are drawn to the circle; if @ is the angle between the tangents 
Qra/d? — 7? 

35. A is a point on the circumference of a circle, centre O and radius 
r. AB and AC are chords, one on either side of AO, and making with 
AO angles a and § respectively ; prove that the length of BC is 

2rv/ cos? a+ cos? 8 —2 cos a cos 8 cos (a+ 8). 

36. A, B, C are points in a horizontal plane; C is east and A north 
of B, while AB subtends angle a at C. Vertical towers of height x 
and y respectively are erected at A and B, the top of the tower at A 
having elevations 8 and y respectively at C and at the top of the tower 


their transverse common tangents is + 


show that tan 0 = 


at B; show that Hl —sin a cot 8 tan y. 


37. A vertical tower subtends angles a and 8 at two points A and 
B, distant « from each other, and lying in the horizontal plane through 


the base C of the tower. If CAB =y and CBA =6, show that the height 
of the tower is «/4/ cot? a + cot? B+ 2 cot a cot B cos (y+ 4). 

38. A, B, C, D are consecutive vertices of a horizontal and regular 
hexagon. A vertical line DE subtends at A, B, and C angles a, 8, 
and y respectively ; prove that cot? a =cot? 8+ cot? y. 

39. Two towers stand on a horizontal plane, the one being due 
south and half the height of the other. At a point due west of the 
higher tower the angle of elevation of the higher is a, of the lower 6; 
show that the elevation of the top of the higher tower as viewed from 
the top of the lower is y, where 4 cot? « =cot? 8 — cot? y, 
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40. At two points A and B in the horizontal plane through the foot 
of a vertical pole the angles of elevation of the top of the pole are a 
and 8 respectively, while @ is the angle subtended at the foot of the 
pole by the line AB ; show that the height of the pole is 


AB/\/ cot? a+ cot? 8 —2 cot a cot 8 cos 6. 


41. A vertical tower stands on a horizontal plane. Viewed from a 
point A due south, the elevation of the top of the tower is a, while 
from a point distance x east of A the elevation of the top is 8. Prove 

x sin a sin B 
/sin (a+ 8) sin (a —B) 

42. The point A bears east and is distant 2 from B; a third point 

C is N.E. of B and y° east of north of A. Show that the distance 


between B and C is | 2x eins 
—tan y° 


43. From the top e a cliff a ship at sea is observed to have angle of 
depression a, while a balloon vertically above the ship has angle of 
elevation 2a; if the height ee the balloon above sea-level is x show 

—tan? a 
that the height of the cliff is ot 

44. A vertical tower is built on a horizontal plane; to an observer 
standing on the plane the elevation of the top of the tower is a, but, 
when the observer has walked a distance 2 toward the tower, the 
elevation of the top of the tower is 8. Neglecting the height of the 
observer, show that the height of the tower is ee ene ‘ 

sin (6 —a) 

45, AB is a given chord of a given circle, and P is a variable point 
on one of the arcs AB; show that the area of the triangle ABP varies 
as sin A sin B, and hence prove that when the area is a maximum the 
triangle is isosceles. 

46. Two equal circles intersect at B, and ABC is a straight line 
meeting the circles at A and C respectively ; show that the rectangle 
contained by AB and BC has maximum area when AC is parallel to 
the line of centres. 

47. Two concentric circles have radii 7, and 7, respectively, 7, being 
greater than r,; a chord AB of the outer circle touches the inner circle. 
Show that the tangent of the angle subtended by AB at the common 


that the height of the tower is 


rer 
centre is Prev oe 


A A 
48. ABCD is a quadrilateral such that AB =a, B=ACD =90°, and 
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ACB =CAD =6; prove that the area of the quadrilateral is 
4a* (cot 6+ 2 cosec 20). 

49. A straight line of length a lies in the horizontal plane through 
the base of a flag-pole of height a; if the pole subtends angles a and 
68 at the ends of the line, show that the line subtends at the base of 
the pole an angle whose cosine is 


4 (tan a cot B+ cot a tan 8 - tan a tan £). 


50. The triangle ABC is right-angled at C; Ojis a point on AC and 

distant 2 from C, while the circle with centre O and radius x touches 
2 
AB. I tan a =t, show that the length of AB is AC is Uanl 
2 2u(1 —t) 

51. If the radius of the circle inscribed in the triangle ABC has 
7 COS 5 
length 7, prove that a = 


sin — si C 
5 Sin 5 


52. The angle in the minor segment cut off from a circle by a chord 
AB, of length a, is ¢. A tangent PQ meets BA produced in P and the 


perpendicular through B to the chord AB in Q. Show that, if BPQ =), 


ECS sin @ sin 20 

53. A ladder, inclined to the horizontal at angle ¢, has its lower end 
fixed, while its upper end rests against a vertical wall. If the ladder 
were y units longer, the inclination to the horizontal would be @; 
Yy COS 6 COS 
cos ¢ —cos @ 

54. A chord of a circle of radius r has length 27, and touches a second 
circle drawn on a given radius of the first as diameter; show that the 


show that the distance of the fixed end from the wall is 


sine of the angle between the chord and the given radius is 1 — ay rie 
z : 


55. AA’ is a median of the triangle ABC, in which BC =4AB ; prove 
sin B 
2-cos B’ 
56. If the radii of two circles differ by a show that the intercepts 
made on the transverse common tangents by the direct common 


A 
that tan AA’B = 


0 
tangents have length a cot 5, where @ is the angle between the direct 


common tangents. 
57. A and B are two points in a horizontal plane; B is due south 
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of and distant x from A. ‘Two vertical towers on the same plane have 
heights y and z respectively, are due east of A and B respectively, 
and have elevations a and 8 at A and B respectively, while at the top 
of one tower the elevation of the top of the other is y. Prove that 

(y —2)? cot? y =x? + (y cot a —z cot 8). 

58. A, B, C are points in a vertical plane; A has elevations a and 
2a as viewed from B and C respectively, while C has elevation f as 
viewed from B. If BC =z, show that the difference of levels of A and 

x sin (2a+ 8) 

2 cos? a+ cos 2a" 

59. D is a point on the side BC of a horizontal triangle ABC, and 
BD=2DC. At B, D, and C the elevations of a point P, vertically 
over the point A, are a, 8, and y respectively. Show that 

2 
3 (cot? a —3 cot? B+ 2 cot? y) 

60. ABCD is a horizontal straight line, AD being trisected at B and 
C; at A, B, C, D, the elevations of a balloon are a, 8, y, 6 respectively. 
Show that cot? a — cot? 6 =3 (cot? 8 — cot? y). 

61. A vertical tower subtends angles a and 8 respectively at two 
points A and B, which are in the horizontal plane through the base 
of the tower, and which are respectively south and west of the tower. 
Show that the cosine of the angle subtended at the top of the tower 
by the line AB is sin a sin p. 

62. A cube has one edge AB inclined at angle @ to the horizontal 
and another edge AC horizontal. If the diagonal through A is inclined 


to the horizontal at angle ¢, prove that cos ¢ =1/ 3 (1 —sin # cos 0). 


B is either x sin (2a — 8) or 


AP? : BC? = 


CHAPTER XIV 
SOLUTION OF TRIGONOMETRICAL EQUATIONS 


§ 52. If two expressions involving the circular functions of an angle 
are equal for certain values of that angle, the statement of this equality 
is called a trigonometrical equation. The determination of the values 
of the angle which satisfy an equation constitutes the solution of the 
equation. 

The graphical solution of equations has been dealt with in Chapter 
VII; we shall now proceed to consider the analytical solution of 
equations of various types. 


§ 53. Type A. Equations depending for their solution on the relations 
between the circular functions of an angle. 


Example 1. Find the values of 6 between 0° and 360°, which 
satisfy the following equations : 


(a) 2sin@=1/3, (b) 4.cos 6=3 sec @ 
(a) 2sin 0 =1/3 
.”. sin 0 mAVe: 
2 
Se DSW Gre IAD 
(b) 4 cos 6 =3 sec 0 
3 
-. 4 cos 0 eas 
*. 4cos? 0=3 


3 
oe 29 =— 
cos A 


/3 
e Be pe et 
COS Oi —= 5} y 
-’. (i) cos 0 = or (ii) cos 6 = ws 
.*. 6 =30° or 360° —30° .*. 8=180° — 30° or 180° + 30° 
=30° or 330° =) ono Oz 


.. the values of 6 are 30°, 150°, 210°, 330°. 
142 
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Example 2. For the same range of values solve the equation 
6 sec? w — tan z — 8=0, 


6 sec? x -tan 2 -8=0 

. 6 (tan? x+1) -tanz-8=0 
.. 6 tan? # -tan x -2=0 

-*. (3 tan x — 2) (2 tan +1) =0 


«* (i) 3 tan x -2=0 
-. tan 7 =% 
=0-6667 
wel =o 042 0D 80° +302 42. 
=33° 42’ or 213° 42’ 
or (ii) 2 tan x+1=0 
.. tana=-4 
—0-5000 
.*. Z=180° — 26° 34’ or 360° — 26°34’ 
=1537 26> Onesos co. 
°. the values of z are 33° 42’, 153° 26’, 213° 42’, 333° 26’. 


Example 3. Solve, giving the values of @ between 0° and 180°, 


the equation 
cot 6+ 4 tan 6=4 cosec 0. 
cot 6+ 4 tan 6 =4 cosec 6 
, cos O sin@ 4 
** gin 0 cos 6 sin @ 


Multiplying both sides by cos @ sin 0, we have 
cos? 0+ 4 sin? 6 =4 cos 0 


.’. cos? 0+ 4 (1 —cos? 6) =4 cos 0 
.. 3 cos? 6+ 4 cos 6-4=0 
.. (3 cos 8 —2) (cos 0+ 2) =0 


*. (i) 3 cos 0 -2=0 or (ii) cos 9+ 2 =0 


.*. COS 0 =% 7. cos 0= =2 
=0-6667 This equation is inadmissible, since 
o*. 6=48° 11’ cos 0 cannot be numerically greater 


7 than 1. 
.*. the value of @ is 48° 11’. 


Note. These examples illustrate the common methods used to 
solve equations of this type. We employ any of the relations 
between the circular functions of an angle in order to reduce the, 
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given equation to one in which there appears only one circular 
function. Note that if in the given equation there is only one 
term of the first degree the solution is generally obtained by 
expressing the other functions in terms of the one appearing in 
the first degree. 


Example 4. Give the general solution of the following equations : 


(c) tan 0 = : 


V3 


1 1 
a) sin @=——=, (b) cos 0=-, 
(a) sind =, (b) c08 9=5 
oy epee 
(a) sin VE: 
.. 0=45° or 180° — 45° (if @ is positive and not greater than 
360°) 


A A 
Let XOP =45°, XOP, =180° - 45° (Fig. 74). Then OX, OP or 
OX, OP, are the arms of all angles satisfying the equation. 


A 
Se 


Fia. 74 


But OX, OP are the arms of the angles 2n . 180°+ 45° 
and OX, OP, ¥ - 7, (2n+ 1) 180° - 45° 
where 7 is an integer, positive or negative. 


“. 0=2n.180°+45° or (2n+1) 180° - 45°. 
If the angles are expressed in circular measure, 


8 =2nt +5 or (2n+1)r -} 


Note 1. n being integral, 2n . 180° is an even multiple of 180° 
and (27+ 1) 180° is an odd multiple of 180°. 


Note 2. By substituting particular values for m in the general 
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solution, we obtain particular values of 9 which satisfy the 
equation 
sin 0 sels ; 
2 
hp ipeO, Vac? wr iRiy 
and if n= —1, 6= —315° or —225°, 


\ 


Note 3. General solutions may be expressed in different forms : 


€.g., 8 => and @=nr +7 together give the same series of values 


for @ as does 0 =7. 
(6) cos 0 =4 
.”. 6 =60° or 360° - 60° (if @ is positive and not greater than 


360°) 
’ A 
Let XOP =60°, XOP, =360° - 60° (Fig. 75). Then OX, OP or 
OX, OP, are the arms of ail angles satisfying the equation. 


nya 


Fie. 75 


But OX, OP are the arms of the angles n . 360° + 60° 
and OX, OP, 3 . 5 n . 360° — 60° 
where 7 is an integer, positive or negative. 
OG ee OOr. 
If the angles are expressed in circular measure, 


a O=In wt 5. 


1 
ta 6 = 
(c) tan 3 


.*. 9 =30° or 180° + 30° (if @ is positive and not greater than 
360°) 
K 
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Let XOP =30°, XOP, =180° + 30° (Fig. 76). Then OX, OP or 
OX, OP, are the arms of all angles satisfying the equation. 


X 


-U 


Fie, 76 


But OX, OP are the arms of the angles 2” . 180°+ 30° 
and OX, OP, A a hs (2n+1) 180°+430° 
where v is an integer, positive or negative. 
SO = 1 SO meta oO a. 
If the angles are expressed in circular measure, 
6 Tv 
=nr-+ e 
Noite. To enable him to state the general solution of an equation, 
the student should note the following: 


(a) If sin 0 =sin a, then 6 =2nr+a, or 6=(2n+1)7 -a,: 
(6) If cos 6=cos a, then 0 =2nr+a. 
(c) Iftan 6 =tana, then 0=n7r+a, 


EXERCISES 


Solve the following equations, giving the values of the angles between 
0° and 360°: 


: 1 7. 3 tan 0 =cot 9d. 
1. sin 0 = —-—=. Ms 
/2 8. 2 tan 0 cos 6 =1/3. 
2. tan d= -1. 9. 2 sin @ cos 6 =cos 0. 
3. cos 6 =4. 10. 1/2 tan @ sin 6 =tan 4, 
4. cot 0=*/3. 11. sin? 6 =sin @ cos 6. 
5. 4 sin 0 =8 cosee 8, 12. ‘cos 6 cot 6 =+/3 cos 6. 
6. 2. cos 6 =sec 0. 13. cos? 64-2 sin 6 =2 —sin? 6, 


\ 
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14, 2 sin? 6+ sin 6=1. 18. 2 sec? 2 —-13 sec x+ 20 =0. 


15. 12 cos? a+cos x —-6=0. 19. 5 cos? 6 —2 cos 6 =3 sin? 6. 
20. 5 sec? 0+9 tan @=1. 


16. sehr x=11 tane+15. FAY ee at Pon 
17. 1/3 (tan? 6+ 1) =4 tan 0. 22. 10 sin? x+3 cos a=6. 
23. 3 sec? 6-5 tan 0 =5. 

24. 6sinxcosx+3sinx=2cosz+l1. 

25. 8 cost @ —10 cos? 0+3 =0. 

26. 3 tan 6 —cot 6=5. 

27. 3sin?2+7 sin z-1=0. 

28. 2 cos? x —5 cos x=5. 

29. 5 sin? 6 —4 sin @ cos 0+ 3 cos? 6 =2. 

30. 6 sin? 0+ 5 sin @ cos 6 —5 cos? 6=1. 

31. 3 tan 6 —2 cot +3 sec 0=0. 

32. 5 cot 0+2 tan 0 =5 cosec 0. 

33. cot 6+ 3 tan 0 =5 cosec 6, 

34. 6 tan 6 —sec 6 =6 cot 0. 

35. 2 sin 2+ 21/3 cos x=1/3 tan x+3. 

36. 1/6 cos + 4/2 sin 2+ 1/3 cot r+ 1=0. 

37. 20 cot «+15 cot x cosec x — 4 cosec x =3 (14+ cot? 2). 

38. 1/24 21/3 sin +6 cot « =2v/3 cosec x+ 2 cos 2. 


Give the general solution of the following equations ; 


39. 2sin d= -1. 
40. cos? 0 =. 
41. 2 cos? 0 =cos 0. 
42. 2 sin 6 cos 0 =1/3 sin 0. 
43. cosec? 6 =2. 
44, 4 sin 0 cos 0+ 1 =2 (cos 0+sin 4). 
45, tan 0+ cot 6 =2. 
46. 3 sin 0 =4 sin? 6. 
47. 4 cos? 6 =3 cos 0. 
48. sec? @=3 tan 6-1. 
49. 8 cos? 0+ 10 sin 0 =11. 
= 2 
E Toney t 008 6=0. 
51. (4/341) cos?  — 1 =(4/3 - 1) sin 6 cos 4, 


in2 
eee 4 tan 0 20. 
cos? 0 
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§ 54. Type B. Equations involving multiple-angle and product 
ormule. 
Example 1. Solve the following equations, giving the values of 
6 from 0° to 180°, inclusive : 
(a) cos 26=3, (b) sin 20+sin 40 =sin 30. 
(a) cos 20=34 
.”. 20 =60° or 300° 
«2 =307 or: 1502. 
(6) sin 26+ sin 46 =sin 30 
.°. 2 sin 34 cos 8 —sin 30 =0 
.”. sin 3 (2 cos 6-1) =0 


-*. (i) sin 36 =0 or (ii) 2 cos 6 -1=0 
.. 30 =0°, 180°, 360°, 540° . cos 0=4 
A= Or 560 nl 20e 80x BOSC? > 


the values of 6 are 0°, 60°, 120°, 180°. 

Note 1. @ is restricted to values not greater than 180°; hence 
for 20 we determine values not greater than twice 180° and for 3¢ 
values not greater than three times 180°. 

Note 2. In Example 1 (6) it is a common error to express 
sin 20+sin 49 as a product, divide the equation by sin 30, and 
ignore the equation sin 3?=0. If an equation is divided by an 
expression involving the variable (e.g., sin 39) then that expression 
equated to zero may give one or more roots of the equation. 

Example 2. Solve the equation cos 34+sin 30 =cos @+sin 6. 

cos 34+ sin 30 =cos @+sin 6 
.’. Sin 39 —sin 0 =cos @ — cos 30 
.*. 2 cos 20 sin 6 =2 sin 26 sin 0 

.. 2 sin 6 (cos 26 —sin 20) =0 


-*. (i) sin @=0 or (ii) cos 26 —sin 20 =0 
oe O=NT es COS 20 =cos G - 20) 


80 One ( B 20) 


°. 46 =2n7 +5 


UP FU 


.*. the general solution is 
06=nr ‘ 
es 


Tv 
or Ome ag 
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Note. The following gives an alternative solution of the equation 


cos 29 —sin 20 =0. 


cos 26 —sin 20 =0 
ebanco— 

ee 20 ee 

Tv 


ee 6 =Ns + 8 


EXERCISES 


Find the values of the angles between 0° and 360°, which satisfy 
the following equations : 


1. 


3 8. 0 20 6=0. 
ee _V3 ne + cos 26+ cos 30 =0 
2 9. sin 34+ cos 30 =cos 0 —sin 0. 
fang 10. 6 cos 0-+5.sin ° 
: V3 . 6cos 6+ sin 5 =3. 
ee | PaO, ; 
. SiN 5 =5: 11. sin 3 —3sin 0=0. 
foi) 12. sin 39 —sin 6 =cos 40+ 1. 
sin 5 = ->s 2 i 
/2 13. sin 47+ 2 sin 2% =2 cos? x, 
. 3 sin 27 =2 sin 2. 26 
Fe se ton 60. 14. 5 cos 26+ 2 cos 3 =0. 
. sin 39+sin 6 =1/3 sin 20. 15. 3 cos 26 =2+ cos 6. 


. 7 sin? 20 —4 sin 46+ 5 cos? 20 =2. 
. sin 34+ cos? 6 =sin 6+ 2 cost 6. 
. cos 6 (3 sin 6 —1) =4 cos @ sin® 6 —cos 59. 


Find the values of the angles from 0° to 180°, inclusive, which satisfy 
the following equations : 


19. 


. cos 40=1. 
. 3.cos 20 =2 sin 0 cos 4. 


sin 30 a 


5 i 0 
. cos 26 —cos 40 =2 sin 3 cos oy 
. cos 6=cos 20+ sin 36. 
. sin 77+ sin 3a =4/2 cos 2a. 
. sin 6 —sin 36+ sin 56 =0. 
. cos 26 cos 6 =sin 46 sin 9. 
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27. 2 sin 6 (cos? 5 — sin? 4 =gsin 50 -sin 0 


28. 10 sin? 26 — sin 46 =2 — cos? 26. 
29. sin 58 —sin 30 =cos 64+ cos 20. 
30. cos? 20 —sin? 6 =sin 40 —sin 20. 


Give the general solution of the following equations : 
31. cos 20 =cos a. 
32. cos 30 = —cos Bf. 
33. sin 39 =cos 20. 
34. sin 50+sin 0 =2 cos 40 sin 6. 
35. 5 cos 20 =2 —sin 0. 
36. sin 39 —+/3 cos 0 =sin 0++/3 cos 39. 
37. cos 0+ cos 20+ cos 364+1=0. 
38. tan 36 —tan 20 —- tan 0=0. 
39. sin (m+1)0-sin (m-1)0=~/3 sin 4 
40. cos (p —q) 8 — cos (p+q) @ =sin 298. 


§ 55. Type C. Equations of the form a cos 6+6bsin@=+c where 
a, b, and c are positive quantities. 

These equations can be solved if c is not greater than 1/a?+6", and 
the methods of solution are indicated in the following examples. 


Example 1. Find the values of @ between 0° and 360° which 
satisfy the equation 
12 cos 6+ 5 sin 0 =3. 


12 cos 6+5 sin 6=3 
Dividing each term of the equation by 1/12?+5°, we have 


ee en in §=— 
13 pea et 


Let a be the acute angle such that 


_2 aero Peas 
cos a=79 and sin a = 75 ea 


; , 3 
.. COS a COS 6+ Sin a sin 6 =— 


13 tan ae) 
3 oe 
2. GOS (0 —a) =3 —=0°2308 ; spars 
2 a= 


-. 0-a=76° 39’ or 283° 21’ 
O16 o9-- orion. 
or 283° 21’ + 22° 37’ 
.“. 0=99° 16’ or 305° 58’ 
.*. the values of 0 are 99° 16’, 305° 58’. 
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Example 2. For the same range of values, solve the equation 
4 sin 0 —5 cos 0 =2. 
4 sin 6-5 cos 0 =2 
-. 5 cos 0-4 sin 0= -2 
Dividing each term of the equation by +/5?+ 42, we have 
—= cos 0 - 2 sin 0 = z 
4] /41 /41 


Let « be the acute angle such that 


5 4 
cos rit and sin oat ed bs 
: 5 2 5 
ee COS a COS 8 —Sin a sin 6 = —-—— 
V4l tan a=t 
2 
ee COS (9+ a) = —- ——= =0-8000 
V/41 1. a=38° 40° 
e's 9+a=180° —71° 48’ Nos. Logs. 
or 180°+ 71° 48’ E2| 0-3010 
.*. 6 =108° 12’ — 38° 40’ 41 0-8064 


or 251° 48’ —- 38° 40’ —_Jlog{—cos(@+a)}} 1-4946 
Ln SOB? GY" orp PIB? BY a res Mer 
.*. the values of @ are 69° 32’, 213° 8’. 
Note 1. In Example 2, the equation is rewritten so that the term 
involving cos @ has a positive sign. The equation is thus reduced 
to one involving cos (9+), where a is acute. 


Note 2. Since cos (@+a) cannot be greater than one, the student 
will now see that equations of the form acos#@+bsin#=+c, 


cannot be solved if ¢ is greater than +/a?+ 6. 


Example 3. Solve the equation sin 20 - 1/3 cos 20 =1. 
sin 20 -4/3 cos 20 =1 


V3 Ele open 
Segre Seiad 5 Sin 20 = 5 


Let a be the acute angle whose cosine is ve and whose sine is : 


.*. cos a cos 20 sin asin 20 = -} : 
.*. COS (206+4+a)= —4 ee 


6 20-44 =2nn te & 
z 
tan «= — 
20 3 
+ = +——-~ 
OG darts 6 | nant 
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=2ne +5 or 2n7 -2 
hee ore 
° Peet tag 3 a (7 12° 
In the following examples, alternative methods of solving 
equations of this type are used. 


Example 4. Find the values of 6 between 0° and 360°, satisfying 


the equation 4cos#+sin @=1, 
4 cos @+sin@0=1 
0 
ee igo ites 
Since sin = Rea oa 
1+ tan? = ne 
2 
1 - tan? = 2 
ee et 
and cos @= , where t= fee = 
) See Wy 
1+ tan? = 5 
substitute these expressions in the given equation, and we have 
1-# Hi 
Sheet ie 
4-404 2(=14 
.. 5t? —2t -3 =0 
*, (5+ 3) (6-1) =0 
SS {G) eer 0 or (ii) t-1=0 
v7. tan 5 = —0-6000 Ke tan 5=1 
. ZS Ope ° , 0 = ° 
os 5 = 180 30° 58 - 9 = 45 
D5) Se el 27 8 =90? 


.*. the values of @ are 90°, 298° 4’. 


Example 5. For the same range of values, solve the equation 
3 sin 6-2 cos 0 =2. 
3 sin @ -2 cos 0 =2 
Using the substitutions of Example 4, 
ges Lo een 
1+? 1+# 
oe 6F -24 20?=24 21? , 


ieee 
Y 
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ne ea ee BC 
y y y 
*. Gy — 2y?+2=2y?+2 
ie oy —0 
-*. 2y (2y -3) = 
e*. (i) y=0 or (ii) 2y -3 =0 
SnuSsee) “Y=5 
e Oe fe) e 2 
os 5 = 90 “t=, 
=0-6667 
ws 6=180° og 88" 2" 
Py DEG? Oe 


.*. the values of 6 are 67° we 180°. 


Note 1. The quadratic equation (i) may be rewritten 
0.#+3t-2=0, 
and has one root infinite; the substitution t= is unnecessary if 


we remember this infinite root. 


Note 2. In Example 6, the equation of Example 5 is solved by 
another method. 


Example 6. Solve the following equation, giving the values of 
6 between 0° and 360° : 
3 sin 06 -2 cos 6 =2. 
3 sin 6 —-2 cos 6 =2 
Squaring both sides of the equation, we have 
9 sin? 0+ 4 cos? 6 — 12 sin 6 cos 6 =4 (cos? 6+ sin? 6) 
*, 5 sin? 6-12 sin 6 cos 0@=0 
*, sin 0 (5 sin 6 —12 cos 0) =0 


°, (i) sin @=0 or (ii) 5 sin 0 =12 cos 6 
a= S0s . tan d= - 
= 2-4000 


. 0=67° 23’ or 247° 23’ 
On substitution, it is found that 67° 23’ oad 180° satisfy the given 
equation, and that 247° 23’ does not. 
*, the values of 0 are 67° 23’, 180°. 


Note 1. If this method of solution is used it is necessary to 
check the results by substitution in the given equation. It may 
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be noted that the values 0° and 247° 23’ satisfy the equation 
3 sin 6-2 cos 0= -2. 

Note 2. When both sides of the equation are squared and the 
equation is made homogeneous by multiplying the constant, term 
by cos? @+sin? 6, the resultant equation generally reduces to a 
quadratic equation in tan 0. 


EXERCISES 


Find the values of the angles between 0° and 360°, which satisfy 
the following equations (use the first method of the worked examples) : 


1. 3 cos 0+ 4 sin 0=5. 6. 9 cos 0+7 sin @=3. 

2. 5cos 0+ 12 sin 6=13. 7. 6sin 9=5 cos 6+7. 

3. 4 sin 0-3 cos 6 =2. 8. 1/2 =cos 36+sin 30. 

4. 12 sin 9 —5 cos 0=9. 9. 3 cos 30 =4/13 — 2 sin 36. 
5. T cos 0+4 sin #=5. ' 10. 4sin 20-3 cos 20=1. 


For the same range of values, solve the following equations by using 


2 
the substitutions sin 0 ent cos 0 = where t=tan 5 (check Nos. 


1+” 1+ 
19 and 20 by an alternative method) : 
1l. 7 cos 6 —6sin 6 =2. 16. sin 32 —-10 =18 cos 3z. 
12. 4cos 0+ 5 sin 6=5, 17. 8 sin 6-7 cos 0=2. 
13. 3 sin @=3+5 cos 0. 18. 15 cos 6-7 =10 sin 8. 
14. 9 cos 0=6 —-2 sin 0. 19. 4(1+cos @) =5 sin 4, 
15. 8=13 cos 2%+ 16 sin 2x. 20. 7 sin 6=5 (1+ cos @). 


Give the general solution of the following equations : 
21. 1/3 cos 6 -sin 6 =1. 
22. 1/3 sin 20 =2+ cos 20. 
23. sin 40+ cos 40 -1=0. 
24. 1/2 (cos 0+sin 6) =V/3. 
25. 2 sin 30 -+/2 =2 cos 30. 


26. 5 cos 5 +5 sin 5 =V2. 


27. +/3 (cos mé — 1) =sin md. 

28. (\/3+1) cos 20+ (4/3 - 1) sin 20 =2. 

29. (1/3+ 1) sin 6 - 2/2 =(1/3 - 1) cos 
30. cos (0+ 8) -+/2 cosa = -sin (0+ 8). 


CHAPTER XV 
PROPERTIES OF TRIANGLES 


§ 56. In Chapter X we proved a number of identities concerning the 
sides and angles of triangles ; in this chapter we shall deal with some 
further properties of triangles. Before proceeding with this chapter 
the student should be familiar with the following geometrical theorems : 


I. The right bisectors of the three sides of a triangle meet in a point 
which is the centre of the circle passing through the three vertices of 
the triangle. 

The circle, its centre, and its radius are called respectively the 
circumcircle, cireumcentre, and circumradius of the triangle. 


II. The internal bisectors of the three angles of a triangle meet in 
a point which is the centre of the circle which touches the three sides 
of the triangle and lies within the triangle. 
The circle, its centre, and its radius are called respectively the 
incircle, incentre, and inradius of the triangle. 


III. The internal bisector of an angle of a triangle and the external 
bisectors of the other two angles meet in a point which is the centre 
of a circle touching one side of the triangle and the other two sides 
produced. 

Such a circle, its centre, and its radius are called respectively 
an excircle, an excentre, and an exradius of the triangle. 


IV. The three lines drawn through the vertices of a triangle and 
perpendicular to the opposite sides are concurrent. 

The three lines and their point of concurrence are called re- 
spectively the perpendiculars and the orthocentre of the triangle, 
while the triangle whose vertices are the feet of the perpendiculars 
is called the pedal triangle of the original triangle. 


§ 57. NoraTion 
We shall adopt the notation of Chapter X; also we shall denote 
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the circumcentre by 0, 

the incentre and inradius by | and r, 

the points at which the incircle touches the sides a, b,c by X, Y, Z, 

the centres and radii of the excircles opposite the angles A, B, C 
by 1;; I,, 1; and ?,, %, 7s) 

the points at which these circles touch the side a by X,, X, Xs, 
the side b by Y,, Ys, Ys, and the side c by Z,, Z., Zs, 

the feet of the perpendiculars to the sides a, b, c by D, E, F, 

and the orthocentre by H. 


§ 58. To prove that in any triangle R = we, 
a 
Rosin A 


= abe > 
~ 4. dbcsin A 


A_ oe ; Cc 
9 (8-6) tan eG tan 5 


168) 


(iii) » =4R sin ; sin 5 sin 


to 


B x cS 
Fie. 77 
In Fig. 77, (i) AABC =A BIC+ACIA+A AIB 
=}BC.1IX+3CA.1IV+3AB.1Z 
=gar+ dbr+ hor 
Seeks 
2 


=rs ' 
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(li) 2s =AY+ AZ+BZ+ BX+CX+CY 
=2AZ+2BX+2CX 
=2AZ+2BC 
=2AZ+ 2a 

oe AZ =(s = a) 

But 1Z =AZ tan ZAI 

.. 7 =(s—a) tan s 
Aaa B c 
and similarly r =(s — 6) tan 2 =(s --c) tan 3 
(iii) a=BC 
=BX+ XC 


=1X cot XBI+ 1X cot XCI 
B Cc 
=F (cot 2 + cot 3) 
BoC Caras 
cos 2 sin 9 1 COS D) sin 2 
sin sin © 
2 2 
B+C 


A 
og cos > 
9 1S oO) 
sin 5 sin 5 
so eae te) 
asin 5 Sin 5 
A 
cos 5 


; Baa = Hen 16) 
ae sin A sin 5 sin 5 


cone 
Neem 
bos Ae a eae 
=4R sin g Sin 5 sin 5: 


§ 60. To prove that in any triangle 
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(ii) 7, =s tan z 


B C 
=(s—c) cot 5 =(s— 4) cot 5 


bee fa ed =, Cc 
(ili) 7, =4AR sin g C08 % COS o 


Fig. 78 


In Fig. 78, (i) AABC=ACI,A+A AI,B—ABLC 
=4CA.1,Y,+4AB. 1,Z, —3BC.1,X, 
=$br, + 3er, — gary 

b+c—a 
=P, 9 
=7r,(s—a) 
A 


ee T — ne. 


s—a@ 


(ii) 2s =AB+BX,+AC+CX, 
=AB+BZ,+ AC+CY, 
=AZ,+AY, 
=2AZ, 

Be TASS ats 


A 
But 1,Z, =AZ, tan Z,Al,» 


; A 
. 7, =Ss tan = 


2 
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Also 7, =1,Z, 

=BZ, tan Z,Bl, 

=(AZ, — AB) tan Z,BI, 


=(s —c) tan "= 
=(s —c) cot = 
and similarly 7, =(s — 6) cot = 
(iii) a =BC 
=BX XC 


A A 
=1,X, cot X,BI, + 1,X, cot X,Ch, 
=r (cot bee sd 
ee 2 2 


=7; (tan 4 4) 


sin s 5 +sin 5 cos a 
eae g ° 2. 2 
ic _ cos 2 
2 2 
sin Brie 
= 7, 
a cos B cos io 
2 2 
Coe 
oes cos = Cos ce 
2 2 
a COS 5 COS 5 
BAS A 
COS 5 
: B Cc 
Eu sin A cos 2 cos 3 
COs 5 
J oe 1 B Cc 
=4R sin 9 cos 3 cos x 


Note. In the same way can be proved the following identities 
concerning the remaining excircles : 


—a) oie Ss 


5 (s —C) Coie aie sin Zaesiee cos a 


= t: EY, 
=8s tan = 9 2 3 3 


— A ( 
ar: 2 
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A Cc A B : A 
fg =, 8 WO 58 G0) cot > =(s —a) cot 3 =4R sin 5 COS 5 COS 5 


§ 61. To determine the sides and angles of the pedal triangle. 
A 


B 1B) Cc 
Fie. 79 


In Fig. 79, (i) BEC=BEC 
e*. B, F, E, C are concyclic and AFE=C 
.*. triangles AEF, ABC are equiangular 
, EF _AE 
‘*BC AB 
i.e., =e =cos A 
“. EF =acosA=R sin 2A 
Similarly FD =} cos°B =R sin 2B 
and DE =c cos C=R sin 2C. 


A A 
(ii) B, D, E, A are concyclic (BDA =BEA) 
A A 
“. EDC=A 
: . A A 
Similarly FDB =A 
A A A 
But EDF =z - EDC—FDB 
A 
. EDF =r -2A 


Similarly FED en = 2B 


A 
and DFE =7 — 2C. 
(b+e)rr, 
r+r, 
A A 
(beer, UTS “s-a 
ee ee ey EN 


8s 8s-a 


Example 1. Prove that A= 
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(b+ c¢)A? 

S(s — a) 

(2s —a)A 

‘6(8— a) 
_(b+c)A 
~ (2s —a) 
==/a\, 


_ Example 2. Prove that the area of the pedal triangle of the 
triangle ABC is 
R? sin 2A sin 2B sin 2C. 
In Fig. 79, EF=R sin 2A, FD=R sin 2B, and BFE=7-2C 
.. area of pedal triangle=3R sin 2A . R sin 2B. sin (7 —2C) 
=4R? sin 2A sin 2B sin 2C. 


F as 7A 
EHxampie 3. Prove that (i) I3l,1,= 5) 
(ii) Il, =4R cos > 
i A 
t 
Ca 
t, 
Fie. 80 


enh A A 
In Fig. 80, (i, I,i,1,=7 - 1,BC —-1,CB 
- 7™-B 7r-C 


B+C 
2 
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(ii) Al, and Al, are the internal and external bisectors of A 
.. Al, is perpendicular to Al, 
.. Al, is a perpendicular of the triangle 1,f,1, 
Similarly Bl, and Cl, are perpendiculars of the triangle 1,11, 
.’. AABC is the pedal triangle of A 1,121, 


A 
-. BC=1,1, cos I,I,1, 
Re 


2 


-. @=1,1, cos 


Fie. 81 


A A A 
IAH (Fig, 81) =CAH -CAI 


A= r 
sin YAI 
Hf 


81n. a 


=4R sin B sin c 


2 2 
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AH eile 
cos FAH 
A 
_ AC cos FAC 
= 
cos FAH 
bcos A 


TT 
cos (= - B) 
_bcosA 
sin B 


=2RcosA 
A 
But 1H2=1A?+ AH? —-21A. AH cos |[AH 


Dee 
eo — 16R2 sin? 3 sin? Des 4R? cos? A 


2 
52 MEK se WO B-C 
= 2 sy aad a 
16R? sin 3 sin 5 cos A cos 5 
= 16R? sin? - sin? et 4R? cos? A 
Sete ES tC (cos 8 Che ac 
— 16R? sin 3 sin 9 cos A | cos 3 cos 9t sin 3 sin 5) 
== 16R? sin? 5 sin? . (1 —cos A)+4R? cos? A 


-—4R’sin B sinCcosA 

=32R? sin? s sin? 5 sin2 ; -4R?’ cos A (sin B sin C -cos A) 

=2r? —4R? cos A (sin B sin C-+cos B+C) 

=2r? —4R? cos A cos B cos C. 

: DE, asin B Pear 
Example 5. Prove that sn BAA’= Jab oe cat A’ being the 
hoa 
mid-point of BC. 
A 


/ 


B A! 


Fi@, 82 


Since AA’ (Fig. 82) is a median of A ABC, AC? + AB? =2BA” + 2AA% 
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: A 
thy Nor, tan? a. 
C 
. c=r, tan 5 +7; tan 


A B 
5 (cot 9 —tan =z ) =, tan Ce tan = 
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2 
1.€., 02+? =5 +2AA? 


whence AA’ =44/2b?+ 2c? — a? 
A 
sin BAA’ sinB 


POE BAT AA’ 
A 
sin BAA’ _ sin B 
a Fx 3584 908 aa? 


. 
rai BAG ae 


~ / BB+ 2? a? 


EXERCISES 
Prove that 


B 
. r=7, tan 5 tan Ss 


pe 
2 

a 

> 

2 


2 2 


B Cc A 
is, Nee (r, tan gtts tan gts tan 5): 
c _ ares (b -c)ror. 
Gi NS =a alg 
Potts 8. A= as 
(pa Ne yeaah 9. A=V/rryrers. 
14-7 LOMA eia— SNe 
ll. rryrs=(s —a@) A. 


. 4RA =A (174+ org) =b (7794+ 7971) =C (17347179). 
. A=Rr (sin A+sin B+sin C). 
. A=Rr, (sin A+ sin B - sin C), 


1(To —T3)(73 —11)(% — 72) ON ee 
oe “3 oes LEGS 
(0 -—cy(c -—a)(a —= b) 19. tan A Fog — TT, 
. abo =4Rrs. = 
3 concen / Te 20. gin A 2M ita s, 
4 be ; IT, + Tots 
aN rr; a 
AO Oa he I eos Aa 


22. 
23. 


24. 


25. 


26. 
32. 


33. 


1 

es 
(-2)(1-*)(1-£) = 4Rr : 
ry, To 13) Tost HM 11s 


35. 
36. 
37. 
38. 
Bice 


40. 
41. 


34. 


42. 
43, 


44, 
45. 
46. 


47. 


48. 


49. 
50. 
51. 
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A= 902at ye tia te 97 


PASE ATT ARIS A 
a=bifr,=r,. =a. HV rats + Tey +r, tan Dy 


Post 28. A=Prv/ Pofgt shy +1 iP 

ise Ry UES 29. 62+ c? —a?=2 (rors —17;). 

Lew eek 30. 4R=rn+rotrs—7. 

Uk AD BE CF 6—C C-a Gea0 
a 31, ——+——+ =0. 

s =Vrotgt Te HTP a ry 1, Ts 


(72-13) eee 13-1, San oe ae, ian oO. 
2 2 2 


=1(1-£)=3 (1-£)=2(1-2). 


ae) 

r r r r 

1 (1%, —%2) (72 —13) (73 — 71) =(@ - 6) (b —c) (C -a) V rors 131 t+ Ty 2. 
A =45° if HA=BC. 

HD =2R cos B cos C. 

Circumradius of pedal triangle 4 . 

Inradius of pedal triangle =2R cos A cos B cos C. 

Exradii of pedal triangle have lengths 2R cos A sinB sinC, 
2R cos B sin C sin A, 2R cos C sin A sin B. 

Area A ABC: area of pedal triangle =4 sec A sec B sec C 
Perimeter of A ABC: perimeter of pedal triangle 


oe cosec B cosec S cosec © 
“4 Oe Oya aS. 
2A 
Pes ata ln See 
es ~ cot B+ cot C 
Circumradius of A 1, 1,1, =2R. 


a A B Cc 
Area of A I,1,1, =8R? cos % C8 5 008 5: 
Perimeter of the triangle I,1,1,=16R cos = “* 608 — s cos z°. 


Ao aC 
Y,Z,: ZX; : X,Y, =cos 9 ' Sing sin 5- 
B Cc 
Al, =4R cos 5 cos 5- 
AeA Ale 00; 


_ A 
11, =4R sin ok 
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52. 
53. 
54. 
55. 


56. 


57. 


58. 


59. 


60. 
61. 
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Al. BI.Cl=4R7?. 

Al?+ Al2+Al,2+ Al,? =16R?. 

a cot A+b cot B+ccot C=2(R+r). 
OH =Rv/1 —8 cos A cos B cos C. 


Ol Ean -8sin 4 sin S sin and hence Ol? = R2 —-2Rr. 


2 
Ol, =RA/148 sin A cos cos c and hence O1,?=R?+2Rr,. 
2 2 2 
4 C2 ~ b2 : (rote a Pe ae : , 
A/D = oF and cot AA’C = Sha being the mid-point of BC 
in ae Se I Pome tie nid ponte Be 


~\/ Obi Det a 
cot BAA’ =2 cot A+ cot B, A’ being the mid-point of BC. 


AU eae if Al produced meets BC in U. 


(b+¢) sin = 


APPENDIX 


I. PROJECTION 
$1. Noration 
Let OX be any straight line and A and B any two points on it; if 
we take AB to be positive or negative according as AB has the same 
direction as or the opposite direction to OX, then AB=-BA. When 
we thus take into account the direction of AB we shall speak of the 
segment AB. 

Note 1. We have considered AB to be part of the straight line 
OX; but, irrespective of any reference to OX, we shall speak 
of the segment AB, implying that AB = —-BA. 

Note 2. If OX is the positive direction of a straight line, ¢.g., 
the z-axis, then AB is a positive segment when its direction is 
that of OX. AB is a negative segment when the direction of 
BA is that of OX. 

With the preceding convention, we note that if A, B, and C are 
any three points on a straight line, AC=AB+BC. 


B CS AN € 8 


C95 ayo (b) 


Fia@. 1 


In Fig. 1 (2), AC=AB+ BC 
(b), AC=AB-—CB 
=AB+BC (BC=-CB). 
The student should satisfy himself that this relation is true in the 
four remaining cases : 


B CS A qe A © 


(c) 


(e) gc 


§ 2. D#FINITION OF PROJECTION 
The projection of any segment AB (Fig. 2) on another line OX 
is the segment A,B,, where A, and B, are the feet of the perpendiculars 
from A and B to OX. 
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B 


A B, 
Fia, 2 


For conciseness we shall use the notation p(AB) to stand for the 
projection of AB. 


§ 3. Theorem I. Projection of AB on OX = - projection of BA on 
OX. 
On OX (Fig. 2), p (AB) =A,B, 
ie B.A; 
= —p (BA). 


Theorem II. If A, B, and C are the vertices of a triangle, then the 
projection of AC on OX is equal to the sum of the projections of AB 
and BC on OX. 


x ) ¢ 


Fia. 3 


Let A,, B,, and C, (Fig. 3) be the projections of A, B, and C on OX. 
Then A,C, =A,B,+B,C, 
.. on OX, p(AC) =p (AB)+ (BC). 
Note. The student should satisfy himself that this theorem is 


true for all relative positions of A,, B,, and C, (see the six cases 
of §1). 


§ 4. DermniTion oF EQUIVALENT SrGMENTS. Two segments AB, 
PQ, are said to be equivalent when they are equal in length and are 
collinear or parallel, B being on the same side of A as Q is of P. 
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Theorem III, The projections on any line OX of equivalent segments 
AB, PQ, are equivalent segments. 


Fie. 4 


Let AA,, BB,, PP,, and QQ, (Fig. 4) be perpendicular to OX, and 
let AB, and PQ, be parallel to OX. 
Then 4 ABB, =4 PQQ, 
. AB,, PQ, are equal in length 
“ A,By, PiQi ” ” 
but A,B,, P,Q, are collinear 
and °.: B is on the same side of A as Q is of P 


B, ” ” ” A, 9 Q: a9 P, 
.. A,B,, P,Q, are equivalent segments. 


Theorem IV. If AB is a segment (+ive or —ive) of a straight line 
whose positive direction makes an angle @ with OX, then (1) projection 
of AB on OX=AB cos 4, (2) projection of AB on OY =AB sin 80, 


Fie. 5 Fia. 6 


Case I. Let AB (Fig. 5) be a +ive segment of length r; let OP be 
an equivalent segment, P the point (z, y), and M and N the pro- 
jections of P on OX and OY. 
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Then on OX, p(AB) =p (OP) 
=OM 
oy 
=r.— 
, 
=r cos 0 


=AB cos 6 
On OY, p (AB) =p (OP) 


Case IT. Let AB (Fig. 6) be a —ive segment. Then segment BA 
is + ive. 
.. on OX, p(BA)=BA cos 0 (Case I) 
.. p (AB) =AB cos 6 
Similarly on OY, p(AB) =AB sin 0. 


II. PROOF, BY PROJECTION, OF THE FOLLOWING 
RELATIONS : 
(1) cos (A+B) =cos A cos B -sin Asin B 
(2) sin (A+B) =sin A cos B+cos A sin B. 


Y 


Fie. 7 


Let a line of length r (Fig. 7) start from OX and turn through an 
angle A to the direction Ox: let it turn through a further angle B 


APPENDIX 171 


till it reaches the direction Oz and takes up the position OP, where P 
is the point (a, y). 
Then OP has described the angle (A+B) from OX. 


“. < =¢0s (A+B) and < ain (A+B), by definition of circular 


functions 
.. ON x-axis, p(OP) =x” =r-cos (A+B) (a) 
and on y-axis, p (OP) =y=r sia (A+B) ee 
Now let Ox be the positive direction of a new axis of abscisse, 
and let Oy, making +90° with Oz, be the positive direction of the 
new axis of ordinates. Then Oy makes an angle (A+ 90°) with OX. 
Let M and N be the projections of P on Ox and Oy. 
Then, with reference to axes Ox, Oy, 
om =cos B and on =sin B 
“.OM=rcosBandON=rsinB . . . (f) 


Again, OM is a segment of a line whose + ive direction Oz makes 
angle A with OX 
and ON is a segment of a line whose +ive direction Oy makes 
angle A+90° with OX 
also p (OP) =p(OM)+p(MP) 
=p(OM)+p(ON) (ON, MP are equivalent segments.) 
.*. (1) taking projections on OX, 
r cos (A+B) =OM cos A+ ON cos (A+ 90°), by (a) 
=r cos B cos A+r7 sin B( —sin A), by (8) 
.. cos (A+ B) =cos A cos B -sin Asin B 


(2) taking projections on OY, 
r sin (A+B)=OM sin A+ ON sin (A+90°), by (a) 
=r cos B sin A+, sin B cos A, by (8) 
.. sin (A+B) =sin A cos B+ cos A sin B. 


Relations (1) and (2) are true for all values of & and B, hence sub- 
stituting (-B) for B we have: 
from (1), cos (A — B) =cos A cos ( -B) —-sin A sin ( - B) 
3 =cos Acos B+sin A sin B 
from (2), sin (A - B) =sin A cos ( - B)+ cos A sin ( - B) 
=sin A cos B -cos A sin B. 


TABLES OF LOGARITHMS, CIRCULAR 
FUNCTIONS, ETc. 


LOGARITHMS 


Differences 
0 1 2 3 4 S 6 uf 8 9 (12374 5-6 xT Seo 

10 }0000 00438 0086 0128 0170 0212 0253 0294 0334 0374/4812 172125 29 33 37 
41 [0414 0453 0492 0531 0569 0607 0645 0682 0719 0755/4811 151923 263034 
12 |0792 0828 0864 0899 0934 0969 1004 1038 1072 1106/3710 141721 24 2831 
13 11139 1173 1206 1239 1271 1303 13835 1367 1399 1430)}3610 181619 2326 29 
14 /1461 1492 1523 1553 1584 1614 1644 1673 1703 1732}36 9 121518 212427 
15 |1761 1790 1818 1847 1875 1903 1931 1959 1987 2014/36 8 111417 202225 
16 |2041 2068 2095 2122 2148 2175 2201 2227 22538 2279135 8 111316 1821 24 
17 |2304 2330 2355 2380 2405 2430 2455 2480 2504 2529|;25 7101215 17 2022 
18 [2553 2577 2601 2625 2648 2672 2695 2718 2742 2765|25 7 91214 161921 
19 /2788 2810 2833 2856 2878 2900 2923 2945 2967 2989|24 7 91113 161820 
20 |3010 3032 3054 3075 3096 3118 3139 3160 3181 3201/24 6 81113 151719 
21 |8222 32438.3263 3284 3304 3324 3345 3365 3385 3404/24 6 81012 141618 
22 (3424 3444 3464 3483 3502 3522 3541 3560 3579 359824 6 81012 141517 
23 3617 3636 3655 3674 3692 3711 3729 3747 8766 8784|24 6 7 911 131517 
24 |3802 3820 3838 3856 3874 3892 3909 3927 3945 3962/24 5 7 911 121416 
25 13979 3997 4014 4031 4048 4065 4082 4099 4116 4133/23 5 7 910 121415 
26 |4150 4166 4183 4200 4216 4232 4249 4265 4281 4298/23 5 7 810 111315 
27 14314 4330 43846 4362 43878 43893 4409 4425 4440 4456/23 5 6 8 9 111314 
28 |4472 4487 4502 4518 4533 4548 4564 4579 4594 4609/23 5 6 8 9 111214 
29 |4624 4639 4654 4669 4683 4698 4713 4728 4742 4757/13 4 6 7 9 101213 
30 14771 4786 4800 4814 4829 4843 4857 4871 4886 4900113 4 6 7 9 101113 
31 |4914 4928 4942 4955 4969 4983 4997 5011 5024 5088/13 4 6 7 8 101112 
82 [5051 5065 5079 5092 5105 5119 5132 5145 5159 5172/18 4 56 7 8 91112 
33 |5185 5198 5211 5224 5237 5250 5263 5276 5289 5802/13 4 5 68 91012 
34 |5315 5328 5340 5353 5366 5378 5391 5403 5416 5428/13 4 5 6 8 91011 
35 |5441 5453 5465 5478 5490 5502 5514 5527 5539 5551/12 4 5 6 7 91011 
36 |5563 5575 5587 5599 5611 5623 5635 5647 5658 5670/12 4 5 6 7 81011 
87 |5682 5694 5705 5717 5729 5740 5752 5763 5775 5786|12 3 5 6 7 8° 9710 
88 |5798 5809 5821 5832 5843 5855 5866 5877 5888 5899/12 3 5 6 7 8 910 
39 /5911 5922 5933 5944 5955 5966 5977 5988 5999 6010/12 3 45 7 8 910 
40 |6021 6031 6042 6053 6064 6075 6085 6096 6107 6117/12 3 45 6 8 910 
41 |6128 6138 6149 6160 6170 6180 6191 6201 6212 6222/12 3 4 5 6 7859 
42 |6232 6243 6253 6263 6274 6284 6294 6304 6314 6325/12 3 456 789 
43 16335 6345 6355 6365 6375 6385 6395 6405 6415 6425|12 3 456 78 9 
44 |6485 6444 6454 6464 6474 6484 6493 6503 6513 6522/12 3 45 6 78 9 
45 |6532 6542 6551 6561 6571 6580 6590 6599 6609 6618/12 3 456 78 9 
46 |6628 6637 6646 6656 6665 6675 6684 6693 6702 6712/12 3 456 778 
47 \6721 6730 6739 6749 6758 6767 6776 6785 6794 6803/12 3 455 678 
48 |6812 6821 6830 6839 6848 6857 6866 6875 6884 6893/12 3 4 45 678 
49 |6902 6911 6920 6928 6937 6946 6955 6964 6972 6981112 3 445 678 
50 |6990 6998 7007 7016 7024 7033 7042 7050 7059 7067/12 3 345 678 
51 |7076 7084 7093 7101 7110 7118 7126 7135 7143 7152/12 3 845 678 
52 |7160 7168 7177 7185 7193 7202 7210 7218 7226 7235/12 2 345 67 7 
53 |7243 7251 7259 7267 7275 7284 7292 7300 7308 7316/12 2 3 45 66 7 
54 |7324 7332 7340 7348 7356 7364 7372 7380 73888 7396/12 2 345 667 

= nell 
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LOGARITHMS 


Differences 


= 
i) 
vy) 


4 


5 


6 


=J 
0 
© 


7427 
7505 
7582 
7657 
7731 


7803 
7875 
7945 
8014 
8082 


8149 
8215 
8280 
8344 
8407 


8470 
8531 
8591 
8651 
8710 


8768 
8825 
8882 
8938 
8993 


9047 
910i 
9154 
9206 
9258 


9309 
9360 
9410 
9460 
9509 


9557 
9605 
9652 
9699 
9745 


9791 
9836 
9881 
9926 
9969 


COCCD CODCO COOCHBH BB RRR BEE HEH BREE HE HEE EE BER EE BRR EP 


BREE BREE HEE BRR EE BERR BREE BR RRR BRR ER PR RRR PPD 


BNNNNHNYH NNNNN NHNWWNDY NNWNNWDY NNNWNWD 


NNNNHN NNWNNN NHNNWNHNH NHWNMNNH NNWNNWNY NHNWNWNDH NWWWW WHWwKWwW WwWWwWw 


BREE RR PRE RE RREEND NPNNNN 


NNWNHNWNDH NNNWWH WWWWW WWWWW WWWWW WWWWW WWW PRP PE 


NNNWL 


WwWwwwW WwWWWW WWWWW WwWWWW WWWWH FRESE PEPE SPER PP OLN 
WwWWwWW WWwWwO WOW RE PEPER P FPP PEPER PLOVOVOT CrOVOVOroT OVOTOTOWeN 


OPAL PEAR PEER R PRR RR RR ROOT TOTO TANTO WNABA BRABWH 


NON OVO OUOT NAMA ABABA BROAD NNN 


LPP PPR AR RRR Oo 


ANTILOGARITHMS 


Differences 


i) 
do 


4 


5 


6 


=7 
0 
© 


3027 3034 3041 
8097 3105 3112 


2553 2559 2564 
2612 2618 2624 
2673 2679 2685 
2735 2742 2748 
2799 2805 2812 


2864 2871 2877 
2931 2938 2944 
2999 3006 3013 
3069 3076 3083 
3141) 3148 3155 


Bee ee BEER EPR eRe POOCOoOo ooocooo ooocoo eooooo ecoooco cooce cooce°e 
epee See Se See eee See ee eee eS) ee RS rOOOO 


NNNNNH NNNNWN 


PPD NEEEHE BREE H PR REE PRE RRE Bee BREE Ree 


PPD NNWNNN NNNNWE HEHE PREP BEER Ree 


wwwww WwWNNrnNn NNNNN 


DNNNH HR RE HRRREE 


PRwWOWW WWWWW WWWWW WNNNlLd NDNNNNNH NNNNWNY NNWNWNWY 


NNWNWDN NRRRE 


NwNnwnwmn NWNNwPY 


rrmnwpwby 


PERE EL PEEP RP WWWWW WWWWW wo wo bo 


Dwenwwrmpn NNNNNY 
Nnwenwnnrn NNNwnwwd 


Nwwbprpy 


AOKI PRPRPR FRPP R PWWWW WWWWH wWwwwww WNNNwlhy 


COTA KONI TOPE PPP RE PRwWWW WWWWW WWWWW WWNHNl 


CREPE PPPPRP PRWWW WWWWO WHWWWwtO WWH DD NNNWNWwhy 


DAA NOOSE 


ARDAAQD 


ANTILOGARITHMS 


Differences 

O 1 2 3 + 5 6 7 8 91123 456 789 
50/3162 3170 3177 3184 3192 3199 3206 3214 3221 3228]112 344 5 6 7 
51/3286 38243 3251 3258 3266 3273 3281 3289 3296 3304122 3 45 5 6 7 
*52 |3311 3319 3327 3334 3342 3350 3357 3365 3373 3881/122 3 45 5 6 7 
*53 |3388 3396 3404 3412 3420 3428 3436 3443 3451 34591122 3 45 667 
54 13467 3475 3483 3491 3499 3508 3516 3524 3532 3540/122 3 45 6 6 7 
*55 |3548 3556 3565 3573 3581 3589 3597 3606 3614 3622)122 3 45 67 7 
56/3631 3639 3648 3656 3664 3673 3681 3690 3698 3707/123 3 45 67 8 
*57 |3715 3724 3733 3741 3750 3758 3767 3776 3784 37931123 3 45 67 8 
+58 |3802 3811 3819 8828 3837 3846 3855 8864 3873 3882/1123 445 67 8 
+59 |3890 3899 3908 3917 3926 3936 3945 3954 3963 3972/1123 455 67 8 
“60/3981 3990 3999 4009 4018 4027 4036 4046 4055 4064/123 456 67 8 
“61/4074 4083 4093 4102 4111 4121 4180 4140 4150 4159/123 4 56 7 8 9 
*62|4169 4178 4188 4198 4207 4217 4227 4236 4246 4256123 456 7 8 9 
“63 |4266 4276 4285 4295 4305 4315 4825 4335 43845 4855123 456 78 9 
“64/4365 4875 4385 4395 4406 4416 4426 4486 4446 4457;123 4 56 7 8 9 
“65 |4467 4477 4487 4498 4508 4519 4529 4539 4550 4560/123 45 6 7 8 9 
“66/4571 4581 4592 4603 4613 4624.4634 4645 4656 4667/1123 4 5 6 7 910 
“G7 |4677 4688 4699 4710 4721 4732 4742 4753 4764 4775123 4 5 7 8 910 
*68 4786 4797 4808 4819 4831 4842 4853 4864 4875 4887)123 4 6 7 8 910 
“69/4898 4909 4920 4932 4943 4955 4966 4977 4989 5000/123 5 6 7 8 910 
“70/5012 5023 5035 5047 5058 5070 5082 5093 5105 5117/124 5 6 7 8 911 
“74 (5129 5140 5152 5164 5176 5188 5200 5212 5224 52364124 5 6 7 81011 
42 |5248 5260 5272 5284 5297 53809 5321 5388 5346 5358)124 5 6 7 91011 
‘73 |5370 5383 5395 5408 5420 5433 5445 5458 5470 5483)134 5 6 8 91011 
“745495 5508 5521 5534 5546 5559 5572 5585 5598 5610/13 4 5 6 8 91012 
‘75 15623 5636 5649 5662 5675 5689 5702 5715 5728 5741/13 4 5 7 8 91012 
7615754 5768 5781 5794 5808 5821 5834 5848 5861 5875134 5 7 8 91112 
‘77 |5888 5902 5916 5929 5943 5957 5970 5984 5998 6012/13 4 5 7 8 101112 
-78 |6026 6039 6053 6067 6081 6095 6109 6124 61388 6152/13 4 6 7 8 101113 
“79 |6166 6180 6194 6209 6223 6237 6252 6266 6281 6295/13 4 6 7 9 1011138 
-80 6310 6324 6339 6353 63868 6383 6397 6412 6427 6442/13 4 6 7 9 1012138 
*81/6457 6471 6486 6501 6516 6531 6546 6561 6577 6592)2 35 6 8 9 111214 
+82 |6607 6622 6637 6653 6668 6683 6699 6714 67380 6745}235 6 8 9 111214 
*83 16761 6776 6792 6808 6823 6839 6855 6871 6887 6902/235 6 8 9 111314 
*84/6918 6934 6950 6966 6982 6998 7015 7031 7047 7063}235 6 810 111315 
"85/7079 7096 7112 7129 7145 7161 7178 7194 7211 7228 235 7 810 121315 
"86/7244 7261 7278 7295 7311 7828 7345 7362 7379 7306.23 5 7 810 121315 
‘87/7413 7480 7447 7464 7482 7499 7516 7534 7551 7568)235 7 910 121416 
‘88/7586 7603 7621 7688 7656 7674 7691 7709 7727 7745/245 7 911 121416 
-89|7762 7780 7798 7816 7834 7852 7870 7889 7907 7925)245 7 911 131416 
-90|7943 7962 7980 7998 8017 8035 8054 8072 8091 8110/2 46 7 911 181517 
-91|8128 8147 8166 8185 8204 8222 8241 8260 8279 8299)246 8 911 131517 
‘9218318 8337 8356 8375 8395 8414 8433 8453 8472 8492}2 46 81012 141517 
-93/8511 8531 8551 8570 8590 8610 8630 8650 8670 8690/2 46 81012 141618 
-94/8710 8730 8750 8770 8790 8810 8831 8851 8872 8892/2 46 81014 141618 
+9518913 8933 8954 8974 8995 9016 9036 9057 9078 9099}2 46 81012 151719 
+96 |9120 9141 9162 9183 9204 9226 9247 9268 9290 9311})2 46 81113 151719 
+97 19333 9354 9376 9397 9419 9441 9462 9484 9506 9528;}2 47 91113 1517 20 
+98 19550 9572 9594 9616 9638 9661 9683 9705 9727 9750/2 47 91113 1618 20 
-99/9772 9795 9817 9840 9863 9886 9908 9931 9954 9977/2 57 91114 16 eel 

M 1977 


NATURAL SINES 


Differences 

O’ GY sIe¥ aKs¥ 94’ 30’ 36’ 492/ 49’ 54’ 1 OCS Aa Se 

0°] -0000 0017 0035 0052 0070 0087 0105 0122 0140 0157| 3 6 9 12 15 
41 |-0175 0192 0209 0227 0244 0262 0279 0297 0314 0332] 3 6 9 12 15 
2] -0349 0366 0384 0401 0419 0486 0454 0471 0488 0506} 3 6 9 12 15 
3 | -0523 0541 0558 0576 0593 0610 0628 0645 0663 0680} 3 6 9 12 15 
4 |-0698 0715 0732 0750 0767 0785 0802 0819 0837 0854} 3 6 9 12 14 
5 |-0872 0889 0906 0924 0941 0958 0976 0993 1011 1028; 3 6 9 12 14 
6 |-1045 1063 1080 1097 1115 1132 1149 1167 1184 1201}; 3 6 9 12 14 
7 |-1219 1236 1253 1271 1288 13805 1323 1340 1357 1874 3) 699) Gia ete 
8 |-1892 1409 1426 1444 1461 1478 1495. 1518 1530 1547} 3 6 9 12 14 
91-1564 1582 1599 1616 1633 1650 1668 1685 1702 1719] 3 6 9 12 14 
10 \-1786 1754 1771 1788 1805 18221840 1857 1874 18913916 OF 12) 14 
11 |-1908 1925 1942 1959 1977 1994 2011 2028 2045 2062| 3 6 9 11 14 
12 | -2079 2096 2113 2130 2147 2164 2181 2198-2215 2233 NS Om Oe 
13 | ‘2250 2267 2284 2300 2317 2334 2351 2368 2385 2402} 3 6 8 11 14 
14 | -2419 2436 2453 2470 2487 2504 2521 2538 2554 2571) 3 6 8 11 14 
15 | -2588 2605 2622 26389 2656 2672 2689 2706 2723 2740} 3 6 8 11 14 
16 | -2756 2773 2790 2807 2823 2840 2857 2874 2890 2907} 3 6 8 11 14 
17 | -2924 2940 2957 2974 2990 3007 3024° 3040 3057 3074) 3 6 8 11 14 
18 | -3090 3107 3123 3140 3156 3173 3190 3206 3223 3239} 3 6 8 11 14 
19 | -3256 3272 3289 3305 3322 3388 3855 3371 3387 3404) 3 5 8 11 14 
20 | :3420 3437 3458 3469 3486 3502 8518 3535 3551 3567; 3 5 8 11 14 
21 |-3584 3600 8616 3633 3649 3665 3681 3697 3714 3730} 3 5 8 11 14 
22 |-38746 3762 3778 3795 3811 8827 3843 3859 38875 3891) 3 5 8 11 14 
23 | -3907 3923 3939 3955 3971 3987 4003 4019 4035 4051 3/0 OS) eles 
24 | -4067 4083 4099 4115 4131 4147 4163 4179 4195 4210 CH RDre teh IU lS} 
25 | -4226 [242 4258 4274 4289 4805 4321 4337 4852 4868| 3 5 8 11 13 
26 | -4384 4399 4415 4431 4446 4462 4478 4493 4509 4524| 3 5 8 10 ds 
27 |-4540 4555 4571 4586 4602 4617 4633 4648 4664 4679] 3 5 8 10 13 
28 | -4695 4710 4726 4741 4756 4772 4787 4802 4818 48383} 3 5 8 10 18 
29 | -4848 4863 4879 4894 4909 4924 4939 4955 4970 4985; 3 5 8 10 13 
30 | :5000 5015 5030 5045 5060 5075 5090 5105 5120 5135| 3 5 8 10 18 
31 |-5150 5165 5180 5195 5210 5225 5240 | 5255 5270 5284 | 2 5 “10°42 
32 |-5299 5314 5329 5344 5358 5373 53888 5402 5417 5432) 2 5 7 10 12 
83 |-5446 5461 5476 5490 5505 5519 5584 5548 5563 5577) 2 5 7 10 12 
34 |-5592 5606 5621 5635 5650 5664 5678 5693 5707 5721) 2 5 7 10 12 
85 |°5736 5750 5764 5779 5798 5807 5821 5835 5850 5864) 2 5 7 9 12 
86 | 5878 5892 5906 5920 5934 5948 5962 5976 5990 6004| 2 5 7 9 12 
37 |-6018 6032 6046 6060 6074 6088 6101 6115 6129 6143) 2 5 7 9 12 
88 | -6157 6170 6184 6198 6211 6225 6239 6252 6266 6280| 2 5 7 9 ii 
39 | -6293 6307 6320 6334 6347 6361 6374 6388 6401 6414| 2 4 7 9 Ii 
40 | -6428 6441 6455 6468 6481 6494 6508 6521 6534 6547| 2 4 7 9 I1 
41 |-6561 6574 6587 6600 6613 6626 6639 6652 6665 6678} 2 4 7 9 I1 
42 |-6691 6704 6717 6730 6743 6756 6769 6782 6794 6807! 2 4 6 9 I1 
43 | -6820 6833 6845 6858 6871 6884 6896 6909 6921 6934) 2 4 6 8 I1 
44 |-6947 6959 6972 6984 6997 7009 7022 7034 7046 7059| 2 4 6 8 10 


178 


NATURAL SINES 


Differences 

(oY GY Toy aiey 24/302 86" ADAG SAN DO me Gaba 
45°' -7071 7083 7096 7108 7120 7133 7145 7157 7169 7181} 2 4 6 8 10 
46 |-7193 7206 7218 7230 7242 7254 7266 7278 7290 7302| 2 4 6 8 10 
47 |-7314 7325 7337 7349 7361 7373 7385 7396 7408 7420| 2 4 6 8 10 
48 | -7431 7443 7455 7466 7478 7490 7501 WOlS Oza ooOn 246) SiaLO 
49 )-7547 7559 7570 7581 7593 7604 7615 7627 7638 7649} 2 4 6 8 9 
50 | -7660 7672 7683 7694 7705 7716 7727 7738 7749 7760| 2 4 6 7 9 
641-7771 7782 7793 7804 7815 7826 7837 7848 7859 7869 | 2 4 5 7 9 
52 |-7880 7891 7902 7912 7923 7934 7944 7955 7965 7976] 2 4 5 7 9Q 
53 | -7986 7997 8007 8018 8028 8039 8049 8059 8070 8080; 2 3 5 7 9 
54 | -8090 8100 8111 8121 8131 8141 8151 8161 8171 8181 DS See 8 
55 | -8192 8202 8211 8221 8231 8241 8251 8261 8271 8281 ano Os ewe 8 
56 | -8290 8300 8310 8320 8329 8339 8348 8358 8368 8377 2) 8. -bon6: 8 
57 | -8387 8396 8406 8415 8425 8434 8443 8453 8462 8471) 2 3 5 6 8 
58 | -8480 8490 8499 8508 8517 8526 8536 8545 8554 8563 | 2 3 5 6 8 
59 | -8572 8581 8590 8599 8607 8616 8625 8634 8643 8652! 1 3 4 6 7 
60 | 8660 8669 8678 8686 8695 8704 8712 8721 8729 8738; 1 3 4 6 7 
61 | -8746 8755 8763 8771 8780 8788 8796 8805 8813 8821] 1 3 4 6 7 
62 | -8829 8838 8846 8854 8862 8870 8878 8886 8894 8902] 1 38 4 5 7 
63 | -8910 8918 8926 8934 8942 8949 8957 8965 8973 8980 gS ee 6 6 
64 | -8988 8996 9003 9011 9018 9026 9033 9041 9048 9056] 1 3 4 5 6 
65 | -9063 9070 9078 9085 9092 9100 9107 9114 9121 9128] 1 24 5 6 
66 | -9135 9143 9150 9157 9164 9171 9178 9184 9191 9198 eon LO 6 
67 | 9205 9212 9219 9225 9232 9239 9245 9252 9259 9265; 1 2 3 4 6 
68 | -9272 9278 9285 9291 9298 9804 9311 9317 9323 98830) 1 2 3 4 5 
69 | -9386 9842 9348 9354 9361 9367 9873 93879 9385 93891} 1 2 3 4 5 
70 | -9397 9403 9409 9415 9421 9426 94382 9438 9444 9449 ez, 3. 4 D 
71 | -9455 9461 9466 9472 9478 9483 9489 9494 9500 9505 Pe 2 ae 4 5 
72 | -9511 9516 9521 9527 95382 95387 9542 9548 9553 9558 12a eS ro 4 
73 | -9563 9568 9573 9578 9583 9588 9593 9598 9603 9608} 1 2 2 3 4 
74 | -9613 9617 9622 9627 9632 9636 9641 9646 9650 9655] 1 2 2 3 4 
75 | -9659 9664 9668 9673 9677 9681 9686 9690 9694 9699} 1 12 38 4 
76 | -9708 9707 9711 9715 9720 9724 9728 9732 9736 9740] 1 12 3 8 
77 | -9744 9748 9751 9755 9759 9763 9767 9770 9774 9778) 1 12 38 8 
78 |-9781 9785 9789 9792 9796 9799 9803 9806 9810 9813) 1 12 2 8 
79 | 9816 9820 9823 9826 9829 9833 9836 9839 9842 9845] 1 12 2 8 
80 | -9848 9851 9854 9857 9860 9863 9866 9869 9871 9874/ 0 11 2 2 
81 | -9877 9880 9882 9885 9888 9890 9893 9895 9898 9900} 0 1 1 2 2 
82 | -9903 9905 9907 9910 9912 9914 9917 9919 9921 9923] 0 11 2 2 
83 | 9925 9928 9930 9932 9934 9936 9938 9940 9942 9943) 0 1 1 1 Qg 
84 | -9945 9947 9949 9951 9952 9954 9956 9957 9959 9960} 0 1 1 1 2 
85 | -9962 9963 9965 9966 9968 9969 9971 9972 9973 9974} 0 0 1 1 1 
86 | -9976 9977 9978 9979 9980 9981 9982 9983 9984 9985} 0 O 1 1 1 
87 | 9986 9987 9988 9989 9990 9990 9991 9992 9993 9993 0 0 <O-# 1 
88 | -9994 9995 9995 9996 9996 9997 9997 9997 9998 9998 00 20 a0) 10) 
g9 | -9998 9999 9999 9999 9990 0000 0000 0000 0000 0000; 0 0 0 0 0 


NATURAL COSINES 


Subtract differences 


180 


| oe se 
Differences 

o Gana Ss 24’ 80’ 386’ AD AS 54442 Smears 
0°|1:0000 0000 0000 0000 0000 0000 9999 9999 9999 9999! 0 0 0 9 OO 
14 | -9998 9998 9998 9997 $997 9997 9996 9996 9995 9995; 0 0 09 O 9O 
21] -9994 9993 9993 9992 9991 9990 9990 9989 9988 9987/ 0 0 O 1 1 
3 | -9986 9985 9984 9983 9982 9981 9980 9979 9978 9977; 0 O 1 1 1 
4|-9976 9974 9973 9972 9971 9969 9968 9966 9965 9963} 0 0 1 1 1 
5 | -9962 9960 9959 9957 9956 9954 9952 9951 9949 9947) 0 1 1 IL 2 
6 | 9945 9943 9942 9940 9938 9936 9934 9932 9930 9928} 0 1 1 1 2 
7 | 9925 9923 9921 9919 9917 9914 9912 9910 9907 9905; 0 1 1 2 2 
8 | -99038 9900 9898 9895 9893 9890 9888 9885 9882 9880; 0 1 1 2 2 
9 | -9877 9874 9871 9869 9866 9863 9860 9857 9854 9851); 0 1 1 2 2 
10 | -9848 9845 9842 9839 9836 9833 9829 9826 9823 9820); 1 12 2 38 
141 | -9816 9813 9810 9806 9803 9799 9796 9792 9789 9785| 1 12 2 38 
12 | -9781 9778 9774 9770 9767 97638 9759 9755 9751 9748; 1 1 2 3 38 
13 | 9744 9740 9736 9732 9728 9724 9720 9715 9711 9707); 1 1 2 3 38 
14 | -9703 9699 9694 9690 9686 9681 9677 9673 9668 9664] 1 1 2 3 4 
15 | 9659 9655 9650 9646 9641 9636 9632 . 9627 9622 9617} 1 2 2 3 4 
16 | -9613 9608 9603 9598 9593 9588 9583 9578 9573 9568; 1 2 2 3 4 
17 | 9563 9558 9553 9548 9542 9587 9532 9527 9521 9516; 1 2 3 3 4 
18 | -9511 9505 9500 9494 9489 9483 9478 9472 9466 9461] 1 2 3 4 5 
19 | -9455 9449 9444 94388 94382 9426 9421 9415 9409 9403] 1 2 3 4 5 
20 | -9397 9391 9385 9879 9873 9367 9361 9354 9348 9342} 1 2 3 4 5 
21 | -9336 9330 9323 9317 9311 9304 9298 9291 9285 9278; 1 2 3 4 5 
22 | -9272 9265 9259 9252 9245 9239 9232 9225 92199212} 1 2 3 4 6 
23 | -9205 9198 9191 9184 9178 9171 9164 9157 9150 9143; 1 2 3 5 6 
24 | -91385 9128 9121 9114 9107 9100 9092 9085 9078 9070; 1 2 4 5 6 
25 | -9063 9056 9048 9041 9033 9026 9018 9011 9003 8996}; 1 3 4 5 6 
26 | -8988 8980 8973 8965 8957 8949 8942 8934 8926 8918} 1 3 4 5 6 
27 | -8910 8902 8894 8886 8878 8870 8862 8854 8846 8838| 1 3 4 5 7 
28 | -8829 8821 8813 8805 8796 8788 8780 8771 8763 8755} 1 3 4 6 7 
29 | -8746 8738 8729 8721 8712 8704 8695 8686 8678 8669} 1 3 4 6 7 
30 | -8660. 8652 8643 8634 8625 8616 8607 8599 8590 8581 | 1 3 4 6 7 
31 | -8572 8563 8554 8545 8536 8526 8517 8508 8499 8490 | 2 3 5 6 8 
32 | -8480 8471 8462 8453 8443 8434 8425 8415 8406 8396} 2 3 5 6 8 
33 | -8387 8377 8368 8358 8348 8339 8329 8320 8310 8300| 2 3 5 6 8 
34 | -8290 8281 8271 8261 8251 8241 8231 8221 8211 8202; 2 3 5 7 8 
35 | 8192 8181 8171:8161 8151 8141 81381 8121 8111 8100} 2 3 5 7 8 
36 | -8090 8080 8070 8059 .8049 8089 8028 8018 8007 7997} 2 3 5 7% 9 
87 | -7986 7976 7965 7955 7944 7934 7923 7912 7902 7891| 2 4 5 7 9 
38 | -7880 7869 7859 7848 7837 7826 7815 7804 77198 7782) 2 2G ed 
89 | 7771) = 7760 7749 7788 7727 7716 7705 7694 7683 7672} 2 4 6 7 9Q9 
40 | -7660 7649 7638 7627 7615 7604 7593 7581 7570 7559/2 4 6 8 9 
41 | -7547 7536 7524 7518 7501 7490 7478 7466 7455 7443 | 2 4 6 8 10 
42 | -7431 7420 7408 7396 7385 7373 7361 7349 7337 7325| 2 4 6 8 10 
43 | -7314 7302 7290 7278 7266 7254 7242 7230 7218 7206] 2 4 6 8 10 
44 | -7193 7181 7169 7157 7145 71383 7120 7108 7096 7083} 2-4 6 8 10 


| 


NATURAL COSINES 


Subtract differences 


24’ 30’ 


0314 0297 
0140 0122 


7022 7009 
6896 6884 
6769 6756 
6639 6626 
6508 6494 


6374 6361 
6239 6225 
6101 6088 
5962 5948 
5821 5807 


5678 5664 
5534 5519 
5388 5373 
5240 5225 
5090 5075 


4939 4924 
4787 4772 
4633 4617 
4478 4462 
4321 4305 


4163 4147 
40033987 
3843 3827 
3681 3665 
3518 3502 


3355 3338 
3190 3173 
3024 3007 
2857 2840 
2689 2672 


2521 2504 
2351 2334 
2181 2164 
2011 1994 
1840 1822 


1668 1650 
1495 1478 
1323 1305 
1149 1132 
0976 0958 


0802 0785 
0628 0610 
0454 0436 
0279 0262 
0105 0087 


0244 
0070 


Differences 

WON Sa 5S 
6972 6959 | 2° 4 6 8) 10 
6845 6883 |} 2 4 6 8 il 
C7L7AG 704 254) Ce Or Tt 
ssh SG |) A th 7 8) ALL 
6455 6441] 2 4 7 9 1 
6320 6807} 2 4 7 9 i1 
61846170 1-2 5b 7% 9 11 
6046 6032) 2 5 7 9 12 
590675892) || (2° 5 7 9) 42 
5764157501) 2595) 729) 12; 
SOZL D60GN I 25E5) i 10 2 
5476 5461 | 2.5 7 10 12 
5329 5814 | 2 5° 7 10) 12 
OLSOSLGH | 205 a LOLS 
50380 5015 | 3 5 8 10 18 
4879 4863) 3 5 8 10 13 
AT26 4710) |) 85: 8) 1013 
AB (Md A555) (Ngo sO SumlOl ade 
4415 43899| 8 5 8 10 13 
4258 4242) 8 5 8 i 13 
4099 4083) 3 5 8 11 13 
39389 3923 3 5 8 11 138 
SiR) BH GVA isi etsy) ty IEE i183 
3616 3600} 3 5 8 11 14 
3458 84387 38 5 S il 14 
3289'3272)| 8 5 8 Il 14 
323° 3107 1°38 6. 8 11> 14 
2957 2940; 8 6 8 11 14 
AAO CATA. (has XO Mele Gln, ie! 
2622) -2600n) nonO ee) oie 
2453 2486| 3 6 8 11 14 
2284 2267) 3 6 8 Ti d4 
2113" 2096 |) 3) 6° 9 al f4 
L942 1925 1083) GeO Lee Le 
ales ayeeyua ey Ge 2) als ae! 
159971582) (35 65 Ol laa 
149.6) 1409) | "SaiGe ‘Oile pare 
1258 1286) 3 6 Qi 12 14 
1080 1063 | 3 6 9 12 14 
0906 0889 | 3 6 9 12 14 
0732 0715: | 73a Gano ley 4 
0558 0541 | 3 6 9 12 15 
0384 0866| 3 6 9 12 15 
0209 0192; 3 6 9 12 15 
OOSS OOM io OueO) kz. LD 


181 


NATURAL TANGENTS 


Differences 


oO’ GY ie aiey 24’ 30’ 86’ AD TABS BAL AG 2 Sa aor 

0°} :0000 0017 0085 0052 0070 0087 0105 0122 0140 0157/3 6 9 12 15 

1 |:0175 0192 0209 0227 0244 0262 0279 0297 0314 0332/3. 6 9 12 15 

2 |-0349 0367 0384 0402 0419 0437 0454 0472 0489 0507/3 6 9 12 15 

3 }:0524 0542 0559 0577 0594 0612 0629 0647 0664 0682/3 6 9 12 15 

41-0699 0717 0734 0752 0769 0787 0805 0822 0840 0857/3 6 9 12 15 

51-0875 0892 0910 0928 0945 0963 0981 0998 1016 1033;3 6 9 12 15 

6 |-1051 1069 1086 1104 1122 1139 1157 1175 1192 1210/3 6 9 12 15 

7 |:1228 1246 1263 1281 1299 1317 13834 1352 1370 1388/3 6 9 12 15 

8 |-1405 1423 1441 1459 1477 1495 1512 15380 1548 1566/3 6 9 12 15 

9 |-1584 1602 1620 1638 1655 1673 1691 1709 1727 1745|;3 6 9 12 15 

10 |-1763 1781 1799 1817 1835 1853 1871 1890 1908 1926/3 6 9 12 15 
11 |-1944 1962-1980 1998 2016 2035 2053 2071 2089 2107;3 6 9 12 15 
12 |-2126 2144 2162 2180 2199 2217 2285 2254 2272 2290|/3 6 9 12 15 
13 |-2309 2327 2345 2364 2382 2401 2419 2438 2456 2475/3 6 9 12 15 
14 |-2493 2512 2530 2549 2568 2586 2605 2623 2642 2661);3 6 9 12 16 
15 |-2679 2698 2717 2736 2754 2773 2792 2811 2830 2849/3 6 9 13 16 
16 |-2867 2886 2905 2924 2943 2962 2981 3000 3019 3038/3 6 9 138 16 
17 |-3057 3076 3096 3115 3134 3153 3172 »+ 3191 3211 3230/3 6 10, 13 16 
18 |-3249 3269 3288 3307 3327 3346 3365 3385 3404 3424)/3 6 10 13 16 
19 |-3443 3463 3482 3502 3522 3541 3561 3581 3600 3620/3 7 10 13 16 
20 |-3640 3659 3679 3699 3719 3739 3759 3779 3799 3819/3 7 10 138 17 
21 |-3839 3859 3879 3899 3919 3939 3959 3979 4000 4020/3 7 10 138 17 
22 |-4040 4061 4081 4101 4122 4142 4163 4183 4204 4224);3 7 10 14 17 
23 |-4245 4265 4286 4307 43827 4348 4869 4390 4411 4431|}3 7 10 14 17 
24 |+4452 4473 4494 4515 4536 4557 4578 4599 4621 4642)4 7 11 14 18 
25 |-4663 4684 4706 4727 4748 4770 4791 4813 4834 4856|4 7 11 14 18 
26 |-4877 4899 4921 4942 4964 4986 5008 5029 5051 5073/4 7 11 15 18 
27 |-5095 5117 5139 5161 5184 5206 5228 5250 5272 5295/4 7 11 15 18 
28 |-5317 5340 5362 5384 5407 5430 5452 5475 5498 5520;4 8 11 15 19 
29 |°5543 5566 5589 5612 5635 5658 5681 5704 5727 5750/4 8 12 15 19 
80 |:5774 5797 5820 5844 5867 5890 5914 5938 5961 5985/4 8 12 16 20 
31 |-6009 6032 6056 6080 6104 6128 6152 6176 6200 6224|;4 8 12 16 20 
32 | -6249 6273 6297 6322 6346 6371 6395 6420 6445 646914 8 12 16 20 
33 |-6494 6519 6544 6569 6594 6619 6644 6669 6694 6720/4 8 13 17 21 
34 |-6745 6771 6796 6822 6847 6873 6899 6924 6950 6976|4 9 13 17 21 
85 |-7002 7028 7054 7080 7107 7133 7159 7186 7212 723914 9 13 48 292 
86 |-7265 7292 7319 7346 7373 7400 7427 7454 7481 7508/5 9 14 18 23 
87 |-7536 7563 7590 7618 7646 7673 7701 7729 7757 778515 9 14 18 23 
88 |-7813 7841 7869 7898 7926 7954 7983 8012 8040 806915 9 14 19 24 
89 |-8098 8127 8156 8185 8214 8243 8273 8802 8332 8361/5 10 15 20 24 
40 |-8391 8421 8451 8481 8511 8541 8571 8601 8632 8662/5 10 15 20 25 
41 |-8693 8724 8754 8785 8816 8847 8878 8910 8941 8972/5 10 16 21 26 
42 |-9004 9036 9067 9099 9131 9163 9195 9228 9260 9293/5 11 16 21 27 
43 |-9825 9358 9391 9424 9457 9490 9523 9556 9590 9623/6 11 17 22 28 
44 |-9657 9691 9725 9759 9793 9827 9861 9896 9930 9965|6 11 17 23 29 


182 


NATURAL TANGENTS 


O’ Ce AoGs IS: 24’ 30’ 
45°/1:0000 0035 0070 0105 0141 0176 
48 |1-0355 0392 0428 0464 0501 0538 
47 |\1:0724 O761 0799 0837 0875 0913 
43 {11106 1145 1184 1224 1263 1308 
49 |1:1504 1544 1585 1626 1667 1708 
50 |1:1918 1960 2002 2045 2088 2131 
61 11-2349 2393 2437 2482 2527 2572 
52 |1:2799 2846 2892 2938 2985 3032 
53 |1:3270 3319 3367 3416 3465 3514 
54 |1:3764 38814 3865 3916 3968 4019 
55 |1:-4281 4335 4388 4442 4496 4550 
56 |1:-4826 4882 4938 4994 5051 5108 
57 {153899 5458 5517 5577 5637 5697 
58 |1:6003 6066 6128 6191 6255 6319 
59 |1:6643 6709 6775 6842 6909 6977 
60 /1-7321 7391 7461 7532 7603 7675 
61 |1-8040 8115 8190 8265 8341 8418 
2 |1:8807 8887 8967 9047 9128 9210 
63 |1:9626 9711 9797 9883 9970 0057 
64 |2:0503 0594 0686 0778 0872 0965 
65 /2:1445 1543 1642 1742 1842 1943 
66 |2-2460 2566 2673 2781 2889 2998 
67 |2°3559 3673 3789 3906 4023 4142 
68 |2-4751 4876 5002 5129 5257 5386 
69 |2:6051 6187 6325 6464 6605 6746 
70 |\2:7475 7625 7776 7929 8083 8239 
71 |2:9042 9208 9375 9544 9714 9887 
72 |3:0777 0961 1146 1334 1524 1716 
73 |3°-2709 2914 3122 3332 3544 3759 
74 |3:4874 5105 5339 5576 5816 6059 
75 |3:7321 7583 7848 8118 8391 8667 
76 |4:0108 0408 0713 1022 1335 1653 
77 |4:3315 3662 4015 4374 4737 5107 
78 |4:7046 7453 7867 8288 8716 9152 
79 |5:1446 1929 2422 2924 3485 3955 
80 |5:6713 7297 7894 8502 9124 9758 
81 |6-3138 3859 4596 5350 6122 6912 
82 |7-1154 2066 3002 3962 4947 5958 
83 |8:1443 2636 3863 5126 6427 7769 
84 19-514 9-677 9-845 10:02 10-20 10-39 
85 {11-43 11-66 11-91 12:16 12-43 12:71 
88 | 14-30 14-67 15:06 15-46 15-89 16°35 
87 {19-08 19-74 20-45 21:20 22-02 22-90 
83 128-64 30-14 31:82 33:69 35-80 38-19 
89 (57-29 63-66 71:62 81:35 95:49 114-6 


13:30 13-62 13-95 
17:34 17-89 18-46 
24-90 26-03 27:27 
44:07 47-74 52-08 
191-0 286°5 573-0 


183 


fe eae =F ee 


LOGARITHMS OF SINES 


184 


Differences a 
Of Gh aIBIe sis¥ 24’ 30’ 386’ AD TASC 547 ies ae aed 
0°} -—co 3-2419 5429 7190 84389 9408 0200 0870 1450 1961 
1 |2-2419 2832 3210 3558 3880 4179 4459 4723 4971 5206 
2125428 5640 5842 6035 6220 6397 6567 6731 6889 7041 
3 |2-7188 7330 7468 7602 7731 7857 7979 8098 8213 8326 
4 |3-8486 8543 8647 8749 8849 8946 9042 9135 9226 9315 | 16 32 48 64 80 
5 13-9403 9489 9573 9655 9736 9816 9894 9970 0046 0120 | 13 26 39 52 65 
6 |1-:0192 0264 0334 0403 0472 0539 0605 0670 0734 0797 | 11 22 33 44 55 
711-0859 0920 0981 1040 1099 1157 1214 1271 1326 1381 | 10 19 29 38 48 
8 |1-:1486 1489 1542 1594 1646 1697 1747 1797 1847 1895 8 17 25 34 42 
9 |1-1943 1991 2038 2085 2131 2176 2221 2266 2310 2353 8 15 23 30 38 
10 11-2397 2439 2482 2524 2565 2606 2647 2687 2727 2767 71420 27 34 
11 |1-2806 2845 2883 2921 2959 2997 3034 3070 3107 3143 6 12 19 25530 
12 |1-3179 3214 3250 3284 3319 3353 3387 3421 3455 3488 OLL Lies 28 
18 |1-3521 3554 3586 3618 3650 3682 3713 3745 3775 3806 5 11 16 V2 2s 
14 |1-3837 3867 3897 3927 3957 3986 4015 4044 4073 4102 5 10 15792024 
15 11-4180 4158 4186 4214 4242 4269 4296 4823 4350 4377 5 9 14 15' 923 
16 |1:4403 4430 4456 4482 4508 4533 4559 . 4584 4609 4634 4:9) 13 EE om 
17 |1-4659 4684 4709 4733 4757 4781 4805. 4829 4853 4876 4 812 16 20 
18 |1-4900 4923 4946 4969 4992 5015 5037 5060 5082 5104 4.3 Due eb 29 
19 |1-5126 5148 5170 5192 5218 5235 5256 5278 5299 5320 £ VDAL Aa asS 
20 11-5341 5361 5382 5402 5423 54438 5463 5484 5504 5523 3) 3710p Aaa, 
21 |1:5543 5563 5583 5602 5621 5641 5660 5679 5698 5717 3 610s ele 
22 11-5736 5754 5773 5792 5810 5828 5847 5865 5883 5901 356) (OLS 
2311-5919 5937 5954 5972 5990 6007 6024 6042 6059 6076 3) 699) 2S 
24 |1-6093 6110 6127 6144 6161 6177 6194 6210 6227 6243 3 6 ©8r ate 
25 |1-6259 6276 6292 6308 6324 6340 6356 6371 6387 6403 3b) Setieets 
26 |1:6418 6434 6449 6465 6480 6495 6510 6526 6541 6556 30 Dr (Sato ws 
27 }1-6570 6585 6600 6615 6629 6644 6659 6673 6687 6702 2°50) OMA 
28 |1:6716 6730 6744 6759 6773 6787 6801 6814 6828 6842 25) Tae Oe, 
29 11-6856 6869 6883 6896 6910 6923 6937 6950 6963 6977 2 A fee O teak 
30 |1:6990 7008 7016 7029 7042 7055 7068 7080 7093 7106 24: 62k e Out 
81 /1-7118 7131 7144 7156 7168 7181 7193 7205 7218 7230 2774) 6S: 
32 |1:7242 7254 7266 7278 7290 7302 7314 7326 7338 7349 254.565" S46 
83 |1:7361 7373 7384 7396 7407 7419 7430 7442 7453 7464 24" 6 Sino 
84 |1:7476 7487 7498 7509 7520 7531 7542 7553 7564 7575 Zeek "6a Shes 
85 |1-7586 7597 7607 7618 7629 7640 7650 7661 7671 7682 2er4 5 Pai 
86 |1-7692 7703 7713 7723 7734 7744 7754 7764 7774 7785 2/00) Sao 
87 |1-7795 7805 7815 7825 7835 7844 7854 7864 7874 7884 2 Oe oes 
88 |1-7893 7903 7913 7922 7932 7941 7951 7960 7970 7979 2°18) 5 16) 8 
39 |1-7989 7998 8007 8017 8026 8035 8044 8053 8063 8072 2043" Sag 6 aes 
40 |1-8081 8090 8099 8108 8117 8125 8134 8143 8152 8161 FS 4a Ges, 
44 11-8169 8178 8187 8195 8204 8213 8221 8230 8238 8247 1S: eC aang 
42 |1-8255 8264 8272 8280 8289 8297 8305 8313 8322 8330 LS 4 Gra 
43 |1:8338 8346 8354 8362 8370 8378 8386 8394 8402 8410 Us See easy bey 
44 |1-8418 8426 84383 8441 8449 8457 8464 8472 8480 8487 V3 dao eG 


LOGARITHMS OF SINES 


Differences 


0’ Gr laais? © 24" 80 "a6". 40% 48" 54’) 17 oe 47 Be 
45°|1-8495 8502 8510 8517 8525 8532 8540 8547 8555 8562) 1 2 4 5 6 
48 |1-8569 8577 8584 8591 8598 8606 8613 8620 8627 8634 1 2 4 5 6 
47 |1-8641 8648 8655 8662 8669 8676 8683 8690 8697 8704] 1 2 38 5 6 
48 /1-8711 8718 8724 8731 8788 8745 8751 8758 8765 8771| 1 2 8 4 6 
49 |1-8778 8784 8791 8797 8804 8810 8817 8823 8830 8836] 1 2 3 4 5 
50 |1-8843 8849 8855 8862 8868 8874 8880 8887 8893 8899 1 2 3 4 5 
51 |1-8905 8911 8917 8923 8929 8935 8941 8947 8953 8959} 1 2 3 4 5 
52 |1-8965 8971 8977 8983 8989 8995 9000 9006 9012 9018] 1 2 3 4 5 
53 |1-9023 9029 9035 9041 9046 $052 9057 9063 9069 9074 1 2 3 4 5 
54 11-9080 9085 9091 9096 9101 9107 9112 9118 94239128} 1 2° 8 4. 5 
55 |1-91384 9189 9144 9149 9155 9160 9165 SLZ0NOU7 5 91S) 2 3) sa 
56 | 1-9186 9191 9196 9201 9206 9211 9216 0221 9226 9231/1 2 3 3 4 
BT |1-9236 9241 9246 9251 9255 9260 9265 9270 9275 9279| 1 2 2 38 4 
58 /1-9284 9289 9204 9298 9303 9308 9312 9317 9322 9326 1 2 2 3 4 
59 |1-9331 9335 9340 9344 9349 9353 9358 9362 9367 9871] 1 12 3 4 
60 |1-9375 9380 9384 9388 9393 9397 9401 9406 9410 9414 1 1 2 38 4 
64 |1-9418 9422 9427 94381 9435 94389 9443 9447 9451 9455; 1 12 3 8 
62 |1-9459 9463 9467 9471 9475 9479 9483 9487 9491 9495 1 1 2 3 3 
63 |1-9499 9503 9506 9510 9514 9518 9522 9525 9529 9533 1 1 2 3 3 
64 |1-9537 9540 9544 9548 9551 9555 9558 9562 9566 9569| 1 1 2 2 8 
65 |1-9573 9576 9580 9583 9587 9590 9594 9597 9601 9604] 1 1 2 2 8 
66 | 1-:9607 9611 9614 9617 9621 9624 9627 9631 96829637 | 7 a 2) 293 
87 |1-9640 9643 9647 9650 9653 9656 9659 9662 9666 9669| 1 1 2 2 8 
68 |1-9672 9675 9678 9681 9684 9687 9690 9693 9696 9699] 0 1 1 2 2 
69 |1-9702 97049707 9710 9718 9716 9719 9722 97249727) 0 1 1 2 2 
70 |1-9730 9788 9735 9738 9741 9743 9746 9749 9751 9754] 0 1 1 2 2 
71 11-9757 9759 9762 9764 9767 9770 9772 9775 9777 9780 0 1 1 2 2 
72 |1-9782 9785 9787 9789 9792 9794 9797 9799 9801 9804] 0 1 1 2 2 
73 |1-9806 9808 9811 9813 9815 9817 9820 9822 9824 9826 0 1 1 1 2 
74 |1-9828 9831 9833 9835 9837 9839 9841 9843 9845 9847) 0 1 1 1 2 
75 |1-9849 9851 9853 9855 9857 9859 9861 9863 9865 9807 0 1 1 1 2 
76 |1-9869 9871 9873 9875 9876 9878 9880 9882 9884 9885; 0 1 1 1 2 
77 |1-9887 9889 9891 9892 9894 9896 9897 9899) 990199020) aL i 1 
78 |1-9904 9906 9907 9909 9910 9912 9913 9915 9916 9918; 0 1 1 a! 1 
79 |1-:9919 9921 9922 9924 9925 9927 9928 9929 9931 9932} 0 0 1 1 1 
80 |1-9934 9935 9936 9937 9939 9940 9041 9943 9044 9045] 0 0 1 1 1 
81 |1:9946 9947 9949 9950 9951 9952 9953 9954 9955 9956; 0 O 1 1 1 
82 | 1-9958 9959 9960 9961 9962 9963 9964 9965 9966 9967} 0 0 IL it L 
83 11-9968 9968 9969 9970 9971 9972 9973 99749975 9975] 0 0 0 Lt 1 
84 11-9976 9977 9978 9978 9979 9980 9981 9981 9982 9983 0 0 0 O i 
85 |1-9983 9984 9985 9985 9986 9987 9987 9988 9988 9989] 0 0 0 0 oO 
86 |1-9989 9990 9990 9991 9991 9992 9992 9993 9993 9994; 0 0 0 0 0O 
87 | 1-9994 9994 9995 9995 9996 9996 9996 9996 9997 9997; 0 0 0 0 O 
88 |1-9997 9998 9998 9998 9998 9999 9999 9999 9999 9999; 0 0 0 0 0 
89 |1-9999 9999 0000 0000 0000 0000 0000 0000 0000 Wuou) 0 0 0 0 0 


185 


LOGARITHMS OF COSINES 


Subtract differences 


186 


Differences 

On Can 2aenS 4 24’ 80’ 86’ BOY (key sya! lal OY Ye al By 
0°/0-0000 0000 0000 0000 0000 0000 0000 0000 0000 9999/0 0 0 0 O 
1/1:9999 9999 9999 9999 9999 9999 9998 9998 9998 9998 |0 0 0 0 O 
2|1:9997 9997 99979996 9996 9996 9996 9995 9995 999410 0 0 0 O 
3 /1:9994 9994 9993 9993 9992 9992 9991 9991 9990 9990 |0 0 0 O O 
4 |1-9989 9989 9988 9988 9987 9987 9986 9985 9985 9984 |0 0 0 O QO 
5 |1-9983 9983 9982 9981 9981 9980 9979 9978 9978 9977 |0 0 0 O 1 
6 |1-9976 9975 9975 9974 9973 9972 9971 9970 9969 9968 |0 0 O 1 1 
7 |11:9968 9967 9966 9965 9964 9963 9962 9961 9960 9959/0 O 1 1 1 
8 11:9958 9956 9955 9954 9953 9952 9951 9950 9949 9947 |0 O 1 1 1 
8 |1-9946 9945 9944 99438 9941 9940 99389 9937 9936 9935 |0 O 1 1 1 
10 |1:9984 9982 9931 9929 9928 9927 9925 9924 9922 9921/0 O 1 1 1 
11 |1-9919 9918 9916 9915 9913 9912 9910 9909 9907 9906 |O0 1 1 1 1 
12 |1:9904 9902 9901 9899 9897 9896 9894 9892 9891 9889 |}0 1 1 1 Jf 
13 |1-9887 9885 9884 9882 9880 9878 9876 9875 9873 9871 ;0 1 1 1 2 
44 |1-9869 9867 9865 9863 9861 9859 9857 9855 9853 9851 ;0 1 1 1 2 
15 }1-9849 9847 9845 9848 9841 9839 9837 9835 9888 9831/0 1 1 1 2 
146 |1-9828 9826 9824 9822 9820 9817 9815 98138 9811 9808 ;0 1 1 1 2 
417 11-9806 9804 9801 9799 9797 97949792 9789 9787 9785 |0 1 TL 2592 
481559782 97809777 9775 9772 9770 9767 9764 9762 9759'/0 1 PL 2052 
42 |1:9757 9754 9751 9749 9746 9743 9741 9738 9735 9733 |0 1 1 2 2 
20 |1:9730 9727 9724 9722 9719 9716 9713 9710 9707 9704 |0 1 1 2 2 
21 |1-9702 9699 9696 9693 9600 9687 9684 9681 9678 9675 |0 1 1 2 2 
22 |1:9672 9669 9666 9662 9659 9656 9653 9650 9647 9643 |1 1 2 2 8 
23 |1-9640 9637 9634 9631 9627 9624 9621 veil OTe a i 
24 11-9607 9604 9601 9597 9594 9590 9587 9583 9580 9576 1/1 1 2 2 8 
25 |1-9573 9569 9566 9562 9558 9555 9551 9548 9544 9540 |1 1 2 2 8 
26 |1:9537 9533 9529 9525 9522 9518 9514 9510 9506 9503 |1 1 2 38 38 
2711-9499 9495 9491 9487 9483 9479 9475 9471 9467 9463 |1 1 2 38 38 
28 |1:9459 9455 9451 9447 9443 9439 9435 9431 9427 9422 |1 1 2 38 8 
29 |1:9418 9414 9410 9406 9401 9897 9893 9388 9384 9380 |1 1° 2 3 4 
80 | 1-9375 9371 9367 9362 9358 93538 9349 9344 9340 93885 |1 1 2 3 4 
31 |1:9831 9326 9322 9317 9312 9308 9303 9298 9294 9289 |1 2 2 38 4 
82 |1:9284 9279 9275 9270 . 9265 9260 9255 9251 9246 9241 |1 2 2 3 4 
33 | 1:9236 9281 9226 9221 9216 9211 9206 9201 9196 9191 |1 2 38 38 4 
84 11-9186 9181 9175 9170 9165 9160 9155 9149 9144 9189 |}1 2 3 38 4 
85 |1-91384 9128 9123 9118 9112 9107 9101 9096 9091 9085 |1 2 3 4 5 
38 |1:9080 9074 9069 9063 9057 9052 9046 9041 9035 9029 |1 2 3 4 5 
37 11-9023 9018 9012 9006 9000 8995 8989 8983 8977 8971/1 2 3 4 5 
38 |1-8965 8959 8953 8947. 8941 8985 8929 8923 8917 8911 |/1 2 3 4 5 
39 |1-8905 8899 8893 8887 8880 8874 8868 8862 8855 8849 |1 2 3 4 5 
40 |1-8843 8836 8830 8828 8817 8810 8804 8797 8791 8784)1 2 3 4 5 
CY Walseiirish ex ReAalsy MeARey  tethonl yb smears, ye eVPEE yale) jal By BR 
42 11-8711 8704 8697 8690 8683 8676 8669 8662 8655 8648 |1 2 3 5 6 
43 |1-8641 8634 8627 8620 8613 8606 8598 8591 8584 8577 |1 2 4 5 6 
44 |1-8569 8562 8555 8547 8540 8532 8525 8517 85022 20 <4 Some 


LOGARITHMS OF COSINES 


Subtract differences 


Differences | 
0’ (eye ey altey 24’ 80’ 36’ BOC CASI B42 3, Al fay 
45°| 1-8495 8487 8480 8472 8464 8457 8449 8441 8433 8426 OS) Ae uaEG 
46 | 1-2418 8410 8402 8394 8386 8378 8370 8362 8354 8346 i VS) Ayes ih 
47 | 1-8338 8330 8322 8313 8305 8297 8289 8280 8272 8264 eo ee Omen 7, 
48 | 1-8255 8247 8238 82380 8221 8213 8204 8195 8187 8178 Lee Sin tt. « Caner 
49 | 1°8169 8161 8152 8143 81384 8125 8117 8108 8099 8090 Sano Orman 
50 |1:8081 8072 8063 8053 8044 8035 8026 8017 8007 7998 | 2 3 5 6 8! 
51 |1-7989 7979 7970 7960 7951 7941 7932 7922 7913 7903 Pe oe ty GSN 
52 |1-:7893 7884 7874 7864 7854 7844 7835 7825 7815 7805 Py Gh 8 
53 |1:7795 7785 7774 7764 7754 7744 7734 7723 7713 7703 ey yy 
54 |1:7692 7682 7671 7661 7650 7640 7629 7618 7607 7597 PAS EN sy 9 8) 
55 11-7586 7575 7564 .7553 7542 7531 7520 7509 7498 7487 Pai 2 Xo 0) 
56 |1-7476 7464 7453 7442 7430 7419 7407 7396 7384 7373 2) PEGS 710 
57 |1-7361 7349 7338 7326 7314 7302 7290 7278 7266 7254 | 2 4 6 8.10} 
58 |1-7242 7230 7218 7205 7193 7181 7168 7156 7144 7131 2 Ca Ca Sia LOH 
58 11-7118 7106 7093 7080 7068 7055 7042 7029 7016 7003 PE EY Khe 18) ial 
60 |1:6990 6977 6963 6950 6937 6923 6910 6896 6883 6869 | 2 4 7 9 11} 
61 11-6856 6842 6828 6814 6801 6787 6773 6759 6744 6730 2 Om ae Otol 
62 |1:6716 6702 6687 6673 6659 6644 6629 6615 6600 6585 Bye ath RS TIGY 
68 |1-6570 6556 6541 6526 6510 6495 6480 6465 6449 6434 | 3 5 8 10 13) 
64 |1-6418 6403 6387 6371 6856 6340 6324 6308 6292 627 Gi oy ete) GE ais} 
65 |1-6259 6243 6227 6210 6194 6177 6161 6144-6127 6110 | 3 6 8 11 14| 
66 | 1-6093 6076 6059 6042 6024 6007 5990 5972 5954 5937 | 3 6 9 12 15) 
67 |1:5919 5901 5883 5865 5847 5828 5810 5792 5773 5754 | 3 6 9 12 15, 
68 |1-5736 5717 5698 5679 5660 5641 5621 5602 5583 5563 | 3 6 10 13 16; 
69 |1-5543 5523 5504 5484 5463 5443 5423 5402 5382 5361 307 10) 4 17) 
i 
70 |1:5341 5320 5299 5278 5256 5235 5218 5192 5170 5148 | 4 7 11 14 18 
71 11-5126 5104 5082 5060 5037 5015 4992 4969 4946 4923 4 8 11 15 19 
72 |1-4900 4876 4853 4829 4805 4781 4757 4733 4709 4684 | 4 8 12 16 20 
73 |1-4659 4634 4609 4584 4559 4533 4508 4482 4456 4430 ; 4 9 13 17 21 
74 |1-4403 4877 4850 4823 4296 4269 4242 4214 4186 4158 | 5 14 18 28 
75 11-4180 4102 4073 4044 4015 3986 3957 3927 3897 3867 5 10 15 20 24) 
76 |1-3837 3806 3775 3745 37138 3682 3650 3618 3586 3554 5 11 6) Qi oe 
77 | 1:3521 3488 3455 3421 3387 3353 3319 3284 3250 3214 Cea ily iaey Oey 
78 |1-:3179 3148 3107 3070 3034 2997 2959 2921 2883 2845 6 12 19 25 31 
79 | 1:2806 2767 2727 2687 2647 2606 2565 2524 2482 2439 @ 14°20) 27 -34)) 
2 2353 2310 2266 2221 2176 2131 2085 2038 1991 8 15 23 30 38 
1 1895 1847 1797 1747 1697 1646 1594 1542 1489 Sri 2b5 34542 
1 1381 1826 1271 1214 1157 1099 1040 0981 0920 |10 19 29 38 48 
0. 0797 0734 0670 0605 0539 0472 0403 0334 0264 |1i1 22 33 44 55 
‘0 0120 0046 $970 9894 9816 9786 9655 9573 9489 |13 26 39 52 65) 
| 
ae) 9315 9226 9135 9042 8946 8849 8749 8647 8543 |16 382 48 64 80 
“B45 8326 8213 8098 7979 7857 7731 7602 7468 7330 | 

“7 7041 6889 6731 6567 6397 6220 6035 5842 5640 

: 5206 4971 4723 4459 4179 3880 3558 3210 2832 

1961 1450 0870 0200 9408 8439 7190 5429 2449 


187 


LOGARITHMS 


OF TANGENTS 


Differences 

on (oy “albies ake 24’ 30’ 36’ 49! AS 540 NI (Os al ae 
0°} —wo 32419 5429 7190 8439 9409 0200 0870 1450 1962 
1 |2-2419 2833 3211 3559 3881 4181 4461 4725 4973 5208 
2 |2:5481 5643 5845 6038 223 6401 6571 6736 6894 7046 
8 12-7194 7337 7475 7609 739 7865 7988 8107 8223 8336 
4 |2-8446 8554 8659 8762 8862 8960 9056 9150 9241 9331}16 32 48 64 81] 
5 12-9420 9506 9591 9674 9756 9836 9915 9992 0068 0143/13 26 40 53 66 
6 |1-:0216 0289 0360 0480 0499 0567 0633 0699 0764 0828)11 22 34 45 56 
7 11-0891 0954 1015 1076 1185 1194 1252 13810 1867 1423)10 20 29 39 49 
8 |1:1478 15383 1587 1640 1693 1745 1797 1848 1898 1948] 9 17 26 35 48 
9 |1:1997 2046 2094 2142 2189 2236 2282 2328 2374 2419) 8 16 23 381 39 
10 |1-2463 2507 2551 2594 2637 2680 2722 2764 2805 2846| 7 14 21 28 35 
11 |1-2887 2927 2967 3006 3046 3085 3123 3162 3200 3237| 6 18 19 26 382) 
12 11-3275 3312 3349 3385 3422 3458 3493 3529 3564 3599/ 6 12 18 24 30 
13 |1-3634 3668 3702 3736 3770 3804 8837 3870 3903 3935| 6 11 17 22 28) 
14 |1-3968 4000 4032 4064 4095 4127 4158 4189 4220 4250} 5 10 16 21 26 
15 |1-4281 4311 4341 4871 4400 4480 4459 4488 4517 4546) 5 10 15 20 25) 
16 |1-4575 4603 4632 4660 4688 4716 4744 4771 4799 4826) 5 9 14 19 23 
17 |1-4853 4880 4907 4934 4961 4987 5014 5040 5066 5092} 4 9 13 18 22 
18 }1-5118 5148 5169 5195 5220 5245 5270 5295 5320 5345] 4 8 13, i 2 
19 |1:53870 5394 5419 5443 5467 5491 5516 5539 5563 5587; 4 8 i2 16 20 
20 {17-5611 5634 5658 5681 5704 5727 575 5773 5796 5819| 4 8 12 15 19 
24 |1:5842 5864 5887 5909 5932 5954 5976 5998 6020 6042| 4 7 11 15 19 
22 11-6064 6086 6108 6129 6151 6172 6194 6215 6236 62571 4 7 11 14 18 
23 11-6279 6300 6321 6341 6362 6383 6404 6424 6445 6465) 3 7 OVS zy 
24 13-6486 6506 6527 6547 6567 6587 6607 6627 6647 6667} 3 7 10 13 17 
25 |1:6687 6706 6726 6746 6765 6785 6804 6824 6843 6863] 3 7 10 13 16 
26 /1:6882 6901 6920 6939 6958 6977 6996 7015 70384 7053} 3 6 9 13 16 
27 11-7072 7090 7109 7128 7146 7165 7183 7202 7220 72881 3 6 9 12 15 
28 11-7257 7275 7293 7311 7330 7348 7366 7384 7402 7420) 3 6 9. ED eta 
29 11-7488 7455 7473 7491 7509 7526 7544 7562 7579 7597| 3 6 9 12 i5 
80 |1-7614 7632 7649 7667 7684 7701 7719 7736 7753 7771| 3 6 9 12 14 
81 |1:7788 7805 7822 7839 7856 7873 7890 7907 7924 794113 6 9 11 14 
82 11-7958 7975 7992 8008 8025 8042 8059 8075 8092 8109/3 6 8 ii 14 
$3 |1-3125 8142 8158 8175 8191 8208 8224 8241 8257 8274| 3 5 co aE al?! 
34 |1-8290 8306 8323 8339 8355 8371 83888 8404 8420 8486) 3 5 8 I1 14 
85 |1-8452 8468 8484 8501 8517 8533 8549 8565 8581 8597) 3 5 8 11 13 
86 |1:8615 8629 8644 8660 8676 8692 8708 8724 8740 8755} 3 5 8 11 13 
87 |1:8771 8787 8803 8818 8834 8850 8865 8881 8897 8912} 3 5 8 10 13 
38 |1-8928 8944 8959 8975 8990 9006 9022 9037 9053 9068} 3 5 8 10 13 
39 |1-9084 9099 9115 9130 9146 9161 9176 9192 9207 92231] 3 5 8 TORUS 
40 |1:9238 9254 9269 9284 9300 9315 933 9346 9361 9376] 3 5 8 10 13 
41 |1-9392 9407 9422 9438 9453 9468 9483 9499 9514 9529) 3 5 Sra hOmela 
42 |1:9544 9560 9575 9590 9605 9621 9636 9651 9666 9681} 8 5 8 10 13 
43 |1:9697 9712 97279742 9757 9773 9788 9803 9818 98331 8 5 8 10 
44 11-9848 9864 9879 9894 9909 9924 993 9955 9970 9985} 3 56 8 10 


LOGARITHMS OF TANGENTS 
Differences 
Oo’ GY slay alsy 24" 30’ 86’ 492/ 48 54’ | 1’ 9% 3 4 5/ 
45°| 0000 0015 0030 0045 0061 0076 0091 0106 0121 01386} 3 5 8g 10 13 
46 | 0152 0167 0182 0197 0212 0228 0243 0258 0273 0288! 3 5 8 10 13 
47 | (0303 0319 0334 0349 0364 0379 0395 0410 0425 0440] 3 5 8 10 13 
4g | 0456 0471 0486 0501 0517 0532 0547 0562 0578 0593; 3 5 8 10 13 
49 | 0608 0624 0639 0654 0670 0685 0700 0716 0731 0746/3 5 8 10 13 
50 | 0762 0777 0793 0808 0824 0839 0854 0870 0885 0901/3 5 8 10 13 
51 | -0916 0932 0947 0963 0978 0994 1010 .1025 1041 1056 | 3 5 BO" 183 
Some OCs hOSS 1050 LLL 1s 1150 1166 1182; 1197 1213 3 852 8) 10) 13 
53 1229 1245 1260 1276 1292 1308 1324 13840 1356 1371 | 3 5 ee Al 
54 1387 1403 1419 1435 1451 1467 1483 1499 1516 1582 | 3 5 Smileamilicy 
55 | :1548 1564 1580 1596 1612 1629 1645 1661 1677 1694; 3 5 8 11 14 
56 | -1710 1726 1743 1759 1776 1792 1809 1825 1842 1858 | 3 5 ey ltle alZ 
57 | -1875 1891 1908 1925 1941 1958 1975 1992 2008 2025/3 6 3 11 14 
58 | -2042 2059 2076 2093 2110 2127 2144 2161 2178 2195 | 3 6 9-Ji 14 
BO | *2212 2229 2247 2264 2281 2299 2316 23388 2351 2868! 3 6 9-12 14 
60 | :2386 2403 2421 2438 2456 2474 2491 2509 2527 2545] 3 6 9 12 15 
61 | °2562 2580 2598 2616 2634 2652 2670 2689 2707 2725] 3 6 9 12 1S 
62 | -2743 2762 2780 2798 2817 2835 2854 2872 2891 2910|38 6 9 12 15 
63 | °2928 2947 2966 2985 8004 3023 8042 3061 3080 3099 | 3 6 9 13 16 
64 eer 3137 3157 83176 38196 3215 3235 3254 3274 3294; 3 7 10 18 16 
65/3313 83833 3353 3373 3393 34138 3433 3453 3473 349413 -7 10 18 17 
66 | °3514 8585 3555 3576 3596 3617 3638 3659 3679 3700|3 7 #10 14 17 
67 | °3721 3743 3764 3785 3806 3828 3849 3871 3892 3914) 4 7 11 14 18 
68 | 3936 38958 3980 4002 4024 4046 4068 4091 4113 41386) 4 7 11 15 19 
69 | -4158 4181 4204 4227 4250 4273 4296 4319 4342 43866) 4 8 12 15 19 
70 | -4889 4413 4437 4461 4484 4509 4538 4557 4581 4606; 4 8 12 16 20 
71 4630 4655 4680 4705 4730 4755 4780 4805 4831 4857 | 4 8 oO idee et 
72 4882 4908 4934 4960 4986 5013 5039 5066 5093 5120 | 4 OR Sse 207 
73 | -5147 5174 5201 5229 5256 5284 5312 5340 5368 5897/5 9 14 19 23 
914} -5425 5454 5483 5512 5541 5570 5600 5629 5659 5689/5 10 15 20 25 
751-5719 5750 5780 5811 5842 5873 5905 5936 5968 6000/5 10 16 21 26 
76 | -6032 6065 6097 6130 6163 6196 6230 6264 6298 6332) 6 11 17 22 28 
id 6366 6401 6436 6471 6507 6542 6578 6615 6651 6688} 6 12 18 24 30 
73 | -6725 6763 6800 6838 6877 6915 6954 6994 7033 7073 | 6 13 19 26 32 
79 7113 7154 7195 7236 7278 7320 7363 7406 7449 7493 | 7 14 21 28 §5 
80 | -7537 7581 7626 7672 7718 7764 7811 7858 7906 7954/8 16 23 31 39 
81 | -8003 8052 8102 8152 8203 8255 8807 8360 8418 8467/9 17 26 35 43 
82 | -8522 8577 8633 8690 8748 8806 8865 8924 8985 9046/10 20 29 39 49 
83 | -91097 "9172 9236 9301 9367 9433 9501 9570 9640 9711 111 22 34 45 56 
84 | -9784 9857 9932 G008 0085 0164 0244 0826 0409 0494/13 26 40 53 66 
85 |1-0580 0669 0759 0850 0944 1040 1188 1238 1341 1446 |16 32 48 64 S81 
86 ]1:1554 1664 1777 1893 2012 2135 2261 23891 2525 2663 
87 |1-2806 2954 3106 3264 3429 3599 3777 3962 4155 4357 
88 |1-4569 4792 5027 5275 5539 5819 6119 6441 6789 7167 
89 |1-7581 8088 8550 91380 9800 0591 1561 2810 4571 7531 
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Page 10 
. (a) 48° 52’ 40”. 2. (a) 0-885917. 
(b) 289° 36’ 19”. (6b) 0:391065. 
(c) 96° 13’ 55”. (c) 1:584309. 
Page 12 
w Qn Tr Br ot i, oe} Ihe Ba iss 
BY" Ge Ber 6. 1:2171 radians. 
, 60°, 150°, 135°, 225°, 270°, 300°. He ff? Na Gls” 
30°. 8. 1214, 98%. 
w on 5 ° 
- (2) 3 60°; (0) 6° 150°. 
Page 14 
(7 = 3-142) 
. 38-49 sq. in., 21-99 in. 12. 28-28 sq. in. (red), 56°56 sq. in. 
4-18 in. (blue). 
4-71 ft. 13. 14:28 sq. in. 
110-9 sq. em. 3.39.4 
15-53 ft 1S ee 5s 
11455 15. 2164 miles. 
13-75 in 16. 1222 miles. 
5°46 cm ec Ome Lops 
28°87 cm lee, 
ewe 18. ane . 
. 35°35 sq. ft. 20. a (Gr+3). 
Page 21 
0°54. 4, -1-18. Tom20 3 103922783 
- 0°59. 5. 4:44. Salata al, Bae 
25:14 6. —0-47. 9. 287° 12. 219°. 
; Page 26 
ea 5. 4. 7-0; ll. 3. ig; 
2. }. ¥ Geen 12. - 3}, 15. 0. 
3.0; 6. us Sab ont, 164. 
4. 2}. 10. 1 
193 


194 


Mh 
2. 


3. 


—_ 
° 


ow be 


oR 9 to 
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Page 37 
3 5 17 
tan A=+ ? cosec A= + 3° 8. cosec A= ay , 4th quadrant. 
’ 7 24 12 
i == — = SS 
sin A=+ 35? cos A=+ 55° 9. tan A=+ 5? 3rd quadrant. 
_ 40 40 4] 
cos A= +75, cot A=1 o- 10. sec A=9- 
iey . & ; 144 
. cosec A=+ 3, tan A= yp 11. sin A=T45° 
25 12526022 
A=-s> A — 
aie Sore 24 13. -0-72. 
sin A= Hi, tan A= — 55. 14. 0-29 
84 15. 0°62 
cos A=g5, A=351 16. -—0-96. 
40? 4t? 
SYN ee ees 
17. sin +” tan” A a-e 
' ean 2 | eth) | a fo ees 
18. sin! A= (ary oni} 8° A=|— one | « 
19. cos? A — ( cot? A _ a ~2ab+b* 
a+b/ ’ 4ab 
Page 44 
= 6. -*/2. ll. -4. 18. sin 10°. 
4/2 Bo. =O Mie AyD. 19. -—cot 43°. 
2. ce 13. —cos 19°. 20. cos 35°. 
1/3. Ae 14. —tan 31°. 21. -—sec 28°. 
-1. 9 ay 15. cot 25°. 22. sin 10°. 
/3 A/S) 16. sec 37°. 23. —sec 32°, 
maar fs 10.43: 17. cosec 7°. 24. cot 20°. 
Page 52 
A =30°, B =60°, ¢=20. 6. 8B =7°, a =861, c=855. 
B =30°, a=200, c=100 3. 7, 69° 42" 
A=33°, @=1:74, b =2-68. 8. 6-07. 
A= Ob ieiC = 282397 ig — 8-00 seo ous 
A =o bole = 0S09 C—O GorSs Oe 
Page 55 
. 50 ft. 3.404/3 ft. — * 5. 30°. 


7607. 4, 40 ft. 6. 2 miles. 


enOS e20\e 15. 0-41 mile; 1:08 24. 107 ft. 113 ft., 
SOO miles. 108 ft. 
9: 231 ft. 16. 56-0 ft. Pil OLS I 
HOMIES 25 18. 34°. 28. 6-14 x 10° ft. 
Nig Ds TI, 19. 2-14 x 10° ft. 29. 16] ft. 
12. 58° 20’. 20. 40° 54’ W. of N. 30. 1:14 x 10° ft. 
13. 11-0 ft. 21. 44° 43’. 31. 21° 57’. 
14, 67° 23’ E. of N. or 22. 26-9 ft. 32. 1-08 miles. 
W. of N. 23 6687,,0S2. 44. 33. 3°6 miles, 4:3 miles. 
Page 71 
1. 45°, 9. No value. 16. 223°. 24. 1-89 radians. 
2. 45°. 10. 52°. lyk, Sure 25. 0-91 radian. 
3. 41°. ll. 54. 18. 564°. 26. 494°. 
Aral Ses dilice 12. 23°. 19. 222°. 27. 34°. 
5. 474. 13. 24°, 66°. Dy, Bs 28. 283°. 
6. 284°. 14. 514°. 21. 144°. 29. 50. 
7. 38°. 15. 743°. 22. —193. 30. 473. 
Sirol. 
Page 90 
1. sin 25°+sin 9°. 12. 4 [cos (9 —¢) -cos (9+ 4)]. 
2. sin 25° —sin 9°. 13. sin (5A+5B) —sin (A -B). 
3. cos 17° —cos 29°. 14. cos 2y —cos 2x. 
4. cos 66°+ cos 20°. 15. sin 0+sin ¢. 
5. 4 (sin 86° —sin 36°). 16. sin 4A+sin 2B. 
6. 4 (cos 27° - cos 71°). 17. cos (A+B+C)+ cos C. 
7. sin 3A+sin A. nie cos 2 — COs (%@ -y +2). 
8. cos 3A+ cos A. 7 i. ) | 
9. sin 2A -sin A. ve ; Be ome cece 
10. cos A —cos 4A. 
Pen OA + bccn (ACB). 2. 5 L205 (= #) +008 (5-5) } 


_ 


. 2sin 2A cos A. 
. 2 sin 6A sin 2A. 
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Page 


3. 2. cos 5A cos 2A. 


4. 2.cos Le sine. 


2 


195 


94 


5. 2 sin 66 cos 6. 


150 30 
6. 2 cos co COS- “os 


3A 
2 
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7. 2 sin 4A sin 2A. 12. 2 sin 32° sin 27°. 
8, 2 cos 2(B+ A) sin (B - A). 13. 2 cos 28° cos 5°. 
: _ A 14. 2 cos 59° sin 5°. 
es ae ek 15. 2 cos 5° sin 1°, 
10. 2 sin 45° cos (45° — A). 16. 2 sin 283° cos 93°. 
11. 2 sin 31° cos 6°. 
Page 104 
1. 8-97. 3. 2°89. 5. 3-01. Ti Up te 9. 78° 28’, 
2. 10. 4, 8-72. 6. 9-26. 8. 41° 24’, 
Page 117 
1. 26-1. 7. 0:306. 25. (a) 0-707, 30. 1-18. 
Zp, ‘7fAlKS): 8. 26-9. (6) 3. 31. 70-4. 
3. 9°23. 9. 0-148. 26. 10:5. 32. 61° 16’ or 
4, —9-66. 10. 2-70 x 10°, Pate, PAV? BSc 118° 44’, 
5. 0-400. ll. 2°34. 28. 16:2. 33. 39° 0’, 
6. 0-156. 12. 12-4. 29. 342. 34. 96° 48’, 


35. A=57° 19’, B=37° 58’, C=84° 44’. 


Page 120 
1 C=662.30,@ ola, b=22-0. 
2. B=61° 457, 6=26-0, c=18-5. 
3. A=32° 26’, a=12°9, b=23°8. 
4° B=257 185 (@=12:6; c=178. 
5. A=40° 20’, 6=524, c=802. 
6.7 CG =6457505 Sa 1:72 105 e =1- 75-10% 
7. A=20°525 -a=51-3; b=142. 
8. A=44° 58’, b=41:2, C=34-7. 
9. C=28° 497 “@=153, b=83°6. 
10. B=113° 11’, a=52-0, c—lIte 
Page 123 


1. A= 19° 54’, B=40° 24’,, C=119° 42’. 
2. A=106° 18’, B=42° 24’, C= 31°16’. 
3. A= 33°14’, B=96° 28’, C= 50° 18’. 


Oo CU es 


Aas 5S eRe —o > 0 pa O— 90256. 
Sea OSA ee 3026s, =- 39" 40% 
GaAs 02S b= 38 1o4-ee C421 87 
91, [Nes BRO WC [Ey eMIO ne (Chem, F812 16), 
S /Ne GSP UGS (BERING (ees CG 
DA OS aoocnS =90 2204e C= 447586 
TOMA so 243S84ue Bb —=4521 02 CO — 1022-166 
Page 124 
ie=13"8; [N= DOP ORE, [SyESBYS? 110%, 
(p= ey ilp C= 762) 222 B= 54202 
3. C=44°7, [Nee BEEN [SEO ISO Dl 
4, b=18:3; (as CH (NSS? ZHI, 
iy GSO IOs (ies BP is LN SsH ile 
6. a@=365, (hes HRY Bey, [Stenai? Gul 
Te, Oat C=-91° 365 A=36 497 
8) -a=3:02% 10% B= 98° 427, (C=55° 547, 
OMG 1:88q10e C= 437466 VA 29 267 
10. c=168, ANSMOBP CY, [Zac hl© bgY. 
Page 126 
1. One 2. Two. 3. None. 4. Ons, 
Da Ola 42aeC) 62, 420 
Ava liT1s, C,= 8° 6%, 
Gh Nc GOP |S} apo yi. 
-, (Css CO? BBY =O? BR 
Cosi wines on. Oe 
Sh ZN cS IP SING 18 SOP aU SSIs, 
OMB i= 4938 Cr — 9a oi eC — 20:8, 
By SIIB BR, (Chee GB ec (Hailisy. 
1OMAG =6O42 Oli C —Sa.134 Oy —=208: 
AS 125596 Co=132 165 ec, —48:10 
Page 127 
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. C=101° 32’, A =1-88 x 10%. 


C =36° 32’, R=7:04. 
A=64:5, altitude =11-9. 
b =4-82, R =3-94. 


34° 46’. 


R =2-42, b =4:30. 


7. A=7-40 x 10°, R =76-4. 
8. B=35° 30’, R=19-8. 


9. a@=12-4, 6 =10°8, c=12:3. 
IO, T= 
ll. CD =4-05, ADBC =8-05. 
12, OB =3-24 in., R =2°76 in. 


5°65. 


197 


198 
13. 
14, 


15. 
ie 
18. 


19: 


20. 


Sop ete 
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a=4-50 in., b= 37 721n., 21 
c=4-64 in. 22, 
x=7-00 in., y =9-43 in., 23 
2=10°7 m: 
AX =34:4, AY =78°8. 24 
32-8 chains ; 47-2 sq. chains. 25 
35:2 chains. 26 
X=39° 24’, Y=81° I’, area= 
310 sq. yd. 
12:8 miles; RPQ =53° 40’. 
Page 135 
. 5°54 miles. 8 
. 469 ft. 9 
. 3:22 x 108 ft. 10 
1-41 miles. il 
EO Be 16 
8° 8’, 17 
222 kt. 33 
Page 146 
5 BPI US, 17 
peloomol or. 18 
O07 3002. 
OO LOn 19 
60°, 120°, 240°, 300°. 20 
BAO algo 222 Dol ore 21 
5 ROS MISS OI, SROs 
OO 202s 22 
30>; 907. 1507 27025 23 
45°, 11352,-1807- 
by SR IU eae. 24 
OO 0 210s 27 0z 25 
» BOP, We. 
OU r OO eno One 26 
AS LU W382 5365022 1- 0247 
Sloe 27. 
. 56° 19’, 144° 287, 236° 19’, 28 
STEM O 29 


. 13-4 yd. 
. 24:3 miles per hr. 
. AD=31:6 chains, 


BC =27°0 
chains. 


. QR =12-0 chains. 
. 21°8 ft. 
. AC=1-60 x 10° -yd_; 


BC= 
1-04 x 10° yd. 


. 639 yd. 


. 594 ft. 

. 527 ft. 

. 57-1 nautical miles. 
- 21:9 ft. 

. 22° 51’ or 157°-9%. 
ae Nee 

aed. 


. 30°, 60°, 210°, 240°. 
». 66° 257 “7b? 31%, (2842296 


293° 35’. 


. 41° 24’, 120°, 240°, 318° 36’. 
. 135°, 141° 20’, 315°, 321° 20’. 
5 PAO 


221° 
330°. 


49’, 318° “1, 


. 36° 52’, 120°, 240°, 323° 8”. 
. 68° 26’, 161° 34’, 243° 26%, 


341° 34’. 


. 19° 28’, 120°, 160° 32’, 240°. 
. 30°, 


45°, 135°, 150°, 
225°, 315°, 330°. 


210°, 


. 61° 34’, 169° 46’, 241° 34’, 


349° 46’, 
7° 45’, 172° 15%. 
139° 58’, 220° 2’. 


. 18° 267, 45°, 198° 267, 225°. 


. 35° 9%, 


WAHT P wre 
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215, 9%, 


120° 
300° 24’. 


24’, 


. 23° 35’, 156° 25’, 270°. 
. 48° 11’, 311° 49’. 

. 60°, 300°. 
. 48° 35’, 


131° 25’, 
318° 11’. 


. 30°, 120°, 300°, 330°. 
- 120°, 225°, 300°, 315°. 
3 


28’, 228° 35’, 281° 


311° 25’. 


. 45°, 120°, 300°, 315°. 


2nm+ %, 2n7 — a 


7 + 


221° 49’, 


S26 


41. 


42. 


47. 


48. 


49. n. 360° + 48° 35’, (2n+1) 180° - 


199 
Qnxt 9? nr t= 3 
ni, 207 +t 
peek 
ae, 
- 2nm +e, oyene a Qnr+ = 3" 
(fig rik 
Tv 
ae 
ae 
(2n-+1) & 
n+ B n. 180° + 68° 26’, 
48° 35’, 2nr-+ 5, 2ne+ = 


50. 2nm +3, (2n+1)r. 51. nm > nett. 
52. nr “2 n. 180° - 18° 26’. 
Page 149 
» TS, LO SOS, Ces. 14. 54° 24’, 135°, 215° 36’, 324° 24’. 
. 15°, 165°, 255°, 345°. Tie 14622642132 347, 
60°, 300°. TS WSs? A BRP BG IIs OASY. 
150°, 210°. 112° 30’, 195° 29’, 202° 30’, 
. 70° 32’, 180°, 289° 28’. 285° 29’, 292° 30’. 
. 60°, 120°, 180°, 240°, 300°. Wi 24285 1457 soe boos. 
Oe OO st SOs 70 7 Bourn. 225°, 315° 
- 45°, 120°, 135°, 225°, 240°, _ 18. 14° 29', 60°, '90°, 120°, 165° 314 
315°. 180°, 240°, 270°, 300°. 
1 45°, 90°, 1802, 225°, 270°: 19. 20°, 40°, 140°, 160°. 
. 97° 10’, 262° 50’. 20. 0°, 90°, 180°. 
GIS Pala Biase Gui IPE FG 
mom soreloorsloUvr22on 20078 | 225 Or 10% 502, 13025 170°, 
lax 180°. 
PLS a One oO Osan Odeo bOe 210 aon Om 4ore L202. 
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24792, 272, Abs 8lc,8 99". 1357, 305,264 345 307, 902 loose 
V5 3zeeivilcs 


a 
+2, 
25. 0°, 30°, 60°, 120°, 150°, 180°, 8h ™™ 5 
26. 30°, 45°, 90°, 135°, 150°. 7B 
27. 0°, 20°, 90°, 100°, 140°, 180%, 8 (m+ gt3 
28. 13° 17’, 82° 59’, 103° 17’, Sip oe ss 
172° 59’. 33. 5 tig ane tg 
29. 22° 30’, 30°, 67° 30’, 112° 30, 4, = 
150°, 157° 30’., eee 


35. Ine —7, Qe + hs n 360° +36° 52’, n . 360° + 143° 8’, 


T 0 Qn 1° 
2 ee ae 
36. mrt ro n+ 5 39. nr, We San 
T ne (4n+1)r 
37. (2n+1) 5, (2n-+1) & 1 ee eae 
Tv Tv 
38. 5» nz 
Page 154 
1. 53° 8’. 20. 71° 4’, 180°. 
2, 67° 23’. “ 
3. 60° 27’, 193° 17’. 21. Qnm+ F, 2am ~ 5s 
4. 66° 26’, 158° 48’. PP es Ss 
5. 81° 25’, 338° 5’. Se Pe 
6. 112° 38’, 323° 8”. ya - 
7. 103° 29’, 156° 7’. : ate 2 
8, 15°, 135°, 255°. 
9, 11° 14’, 131° 14’, 251° 14’. 24. net 2 ip 2 a 
10, 24° 12’, 102° 40’, 204° 12) oe Sr gw Ms 
282° 40’. ; ms + 36° 3 3e 
11. 36° 52’, 241° 56’. 26. 2. 360° + 246° 56’, 
12. 12° 40’, 90°. n. 360° — 66° 56 
13. 90°, 208° 4’. ee ee ar 
14, 61° 56’, 323° 8’. cl arg Fare ost 
15. 59° 2’, 171° 52’, 239° 2’, s 3 
351° 52’. 28. nr+ 6 nT — 12° 


16. 40° 10’, 77° 43’, 160° 10’, Tn 
197° 43’, 280° 10’, 317° 43’, 29. 2n+ 75: 
17. 52° 2’, 210° 20’. ie 
18. 33° 28’, 259° 12’, 30, Inr+7-Bia. 
19. 77° 20’, 180°. ‘ 


: j 


ea Ar fh 
PMs ake) 
hes ile 3h rd 


oy 


